Math 1330
Dr. Almus

Section 5.4 - Inverse Trigonometry

RECALL — Facts about inverse functions:

A function f(x) is one-to-one if no two different inputs produce the same output
(or: passes the horizontal line test)

Example: f(x)=x> is NOT one-to-one. ¢(X)=X’ is gne-to-one.
‘E (_n; [ QL’L\“—% U—‘ _(_2_\‘_‘
ClOy=n HOED -1

A function f(x) isinvertible if it is one-to-one.

) .. _ “p = 7
The inverse function is notated as: f~'(X)v¥— {Q VYR

f:A>B f:B>A
Domain: A Domain: B
Range: B Range: A

Important: f(a)=b ifandonlyif f '(b)=a .

£(2)= 5 = £'(5) =z
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INVERSE SINE FUNCTION

Here’s the graph of f(X)=sin(x).

Domain: (—o0,)

Range: [—1,1] \ | /—\ | e /\

sm(T)=L

PN (ig_) = le

If the function is not one-to-one, we run into problems when we consider the
inverse of the function. What we want to do with the sine function is to restrict the
values for sine. When we make a careful restriction, we can get something that IS
one-to-one.

Is it one to one? N O
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If we limit the function to the interval [%,%} , the graph will look like this:
Restricted Sine function
3

Domain: —z,z}

—_ 22 )
Range: [—1,1] Ho—

-am -3mi2 -T -T2 mi2 m imi2 i

On this limited interval, we have a one-to-one function.
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INVERSE SINE FUNCTION
Here’s the graph of restricted sine function:

3

1

-Im -aml2 -T -T2 w2 ™ a2 m

2 AQ_I(K\: S

% 7
numw-:' v hau‘f
argles
Restricted Sine function Inverse Sine Function: %
: L
7| f(X) =sin(x) sin'(X) or arcsin(X) ra
D .| Tz
omain ) /< | Domain: [-11]
T
Range: [_1’1] | Range: [_E’E} (quadrant@anc@

Example: sin(z)zl 5 sin™! (lj i
| 6 2 2 6
\\“Gv\’
S ( *



Example:

K Question:

Example:

Question:

Example:

Question:

4

2 C
: : T .
What is the angle in {—E,E} whose sine is 1/2? W

J_/—I‘irmozre_ s s (5 )

sin”! (1)=2 09!

O —
~

2

sin”! [Q] =9 I};}-

What is the angle in [—Z,z} whose sine is ?? SN LB—) —= \[52_.
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Important: When we covered the unit circle, we saw that there were two angles
that had the same value for most of our angles. With inverse trig functions, this
will not happen since we start with restricted functions that are one-to-one. We’ll
have one quadrant in which the values are positive and one quadrant where the
values are negative. The restricted graphs we looked at can help us know where
these values lie. We’ll only state the values that lie in these intervals (same as the
intervals for our graphs):

5N/ b

Example: sin 7.1 and sin B =l;
6) 2 6 2

However, sin™ (%) :% (unique answer!) since 5?” is Not in the range of

—

. . l :
IMverse Sinc nction. R
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INVERSE COSINE FUNCTION
Let’s do the same thing with f (X) = cos(X).

Here’s the graph of f (X)=cos(X).
Domain: (—oo,oo) :

Range: [-1,1]

It’s not one-to-one. If we limit the function to the interval [0,72] , however, the

—

function IS one-to-one.



Here’s the graph of the restricted cosine function.
Restricted Cosine function One —T0 —on

Domain: [0, 7[]

Range: [-1,1]

ar " jﬁ’xz 0 ml 1 EdE
\J/ - i

n
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INVERSE COSINE FUNCTION
Now, let’s work on defining the inverse of cosine function.
Here’s the graph of restricted cosine function:

/

™

coox - Loy = L-,1)

vr\ m b
A

o)
Cos () [, = [o,T]
/7 3
™P A % &~

y—

Ces_l(.l

[

Restricted Cosine function

Inverse Cosine Function:

f (X) = cos(X)

cos ' (X) or qarccos(x)[

Domain: [0,7]

Domain: [—1,1]

Range: [—1,1]

Range: [0,72'] (quadrants 1 and 2)

o= v

Example: cos(z) = 1 -
3 2
w'

L MWN=a

19
cos | —
2

1

oot (4 =



Example: cos™ (%j =9 F_L;\;» s Gr e
/ L
Question: What is the angle inMwhose cosine is %? Cos (,9 Ve =
= Tonge AT ¥
3
Example: cos™' [g} =7 4
4 5 =
_ 2
Question: What is the angle in [0,7] whose cosine is V25 Cos (9) - >
( \ 2
oo UL
— 0
Example: cos™ (1)=? 0 = 4
Question: What is the angle in [0,72'] whose cosine is 17? CN L——%y) - %

OO o (573

D=0
Cﬁét@) - A

orccos(A) = O

10



POPPER for Section 5.4:

Question#1: What is the RANGE of g(x)=cos™'(X) ?

11
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INVERSE TANGENT FUNCTION

~\

Here’s the graph of f(X)=tan(x). Is it one-to-

e - T T—=

e - =

\— - =

S S S S [ A By s

)

—

If we restrict the function to the interval (

one-to-one.

12
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Inverse Tangent Function

Here’s the graph of restricted tangent function:

o () ("%;%\ — (o)
o () - (0, 00) 73 C#%’T?LJB

7 ~
Aobe> bty

Restricted Tangent function Inverse Tangent Function:
f (X) = sin(x) tan"'(X) or arctan(X)
Domain: T
omati: 279 Domain: (—o0,)
-T
Range: (_OO,OO) Range: (T,Ej (quadrants 1 and 4)
2 =

ton”" (\)

Example: tan(%] =1 — tan"'(1) :%

]

14



Example:

Question:

Example:

Question:

Example:

Question:

/2

tan™ (1) =2 _% C°
What is the angle in (%%J whose tangent is _1? A6 ( @’) =41
o 6=
tan*(0)=2 O
What is the angle in (%%J whose tangent is _0? kan ( %3 =0
o 8/ 5
tan”}(-1)=2 - 1L -
What is the an leL{n (i EJ whose tangentis -1?
- 22 SRST don ()=
/ Wy
&=
g

Note: We always give inverse trig angles in radians. -1
I -

T

—_—

Lr



Example 1: Compute each of the following:

- I
a) cos '(0)=TL CAQ'":*(O(\:. O - O(Ej
z R~ T
T it are!
b) tan_l(\/g)z e on Ld\:' ﬁ %
3 o T B
3 L IE\HL% e
c) Sin_l(—lj: "—u{: EV\LO(\»’» F'\';‘,_ ‘%
J _ #% - °z>>m< f%—):f}\/
N
sm( B\ %
d) s1nl(£]= _:Z SMLD(\: f% 4@\' v
- o -—-{-'z,-
— éﬂ\’\(" L‘L-i)’ —2—/
Cos
R _ T
e) arccos(—%] = :‘5:5 Cod (0(3 = %
? o

16
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Example 2: Compute

arcsin (%) +arccos(0) +arctan(—1)

\—/\/\___/

21

\

-1

(3)

17



POPPER for Section 5.4

Question#2: Find the following sum:

arcsin (gj +arccos(0)

18
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Note: If you need to compute inverse secant or inverse cosecant functions:

Question: sec™'(2)="? secl)= A
Coy( D)

First, call it an angle:  sec™'(2)=6

Then, convert: sec(0) =2 ’%P

. : 1
Now, express this in terms of cosine: cos(f) = 5
/

: : : : V4
And answer according to “inverse cosine function”: 8 = 3

B —
—

Final answer: sec™ (2) = 7
3

e
Question: csc'(1)="?

First, call it an angle:  csc'(1) =6

Then, convert: csc(f) =1 f’ﬁl{’\‘ P

Now, express this in terms of sine: sin(@) =1

A

\

) ) ) ) T
And answer according to “inverse sine function”: 8 = —
2

Final answer: csc™'(1) :g

[ |

19
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NOTE: Domains of inverse trig functions:
to=sinloos  ELITE W () g Sm}é5

f(x)=cos™(x) ; [-1,1]

f(x)=tan "' (X); (—00,00)

f(x)=cot™ (x); (=00, 0) o4 X(,Lut\

f(x)=secH(X) ;  (=o0,1]U[l,00)

f(x)=cscH(X); (—o0,1] U1, ) <
\
4ot Hoom

For example; sin~!(2) or cos‘l(ﬁ ) are not defined.
1

20



Composition of a trig function with its inverse:

T

Example 3: Find the exact value: sin™' {sin (?ﬂ = sA7 ( -_{17, )

%ﬁ gl T
7
\).ﬂl. )rd
C—;r(_lf/ iéi‘l

Example 4: Find the exact value: cos™ {cos(%ﬂ. = c-o:f\ ( -1

i
/

Example 5: Find the exact value: tan‘{tan[%rﬂ, — ‘I’Ol;\\( — L)

S~

o

N—

N

21
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Note: If a trigonometric function and its inverse are composed, then we have a
shortcut. However, we need to be careful about giving an answer that is in the

range of the inverse trig function.

e o (%)

S B
sin "' (sin(x)) = x when xe -—,E}
22
cos '(cos(x)) = x when xe|0, 7]
(7«
tan ' (tan(x)) = x when xe ——,—]
. 2 2

Examples: [/’% [ ’l:'z_l v
4

P
Hgﬂg but
tan~! {tan(%ﬂ = % but

22
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If the inverse trig function is the inner function, then our job is easier:

N ¢

sin(sin _Ax)) = x when

cos(cos '(x))=x  when

tan(tan ' (x)) = x when
Examples:

SEXEl

tan[tan_l(S)] =5.
~

xel[-1L1]
xel[-1,1]

X € (—o0, )

23



POPPER for Section 5.4

Question#3: Evaluate: sin(sin1 (%D

24
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Let’s work with composition of different trig and inverse trig functions:
) (5 | =
Example 6: Find the exact value: cos{sm (Eﬂ = COo S C 0(3 ~ —
- \3
St [—3—3 =
\%
s () =2
G-iven - s (o) = = )
s Coox = >
(3

25



N~
X
cor1 %)= <
_ 7

n(q)= =
g .5 L) cot (o)

1

26
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Example 8: Find the exact value: tan{cos [ } — *U\(QJ\ -
0< Udkflfa/\‘l‘
| _
cos” (- %3 = SW A+
cos (2N = ‘_‘é_
>l o
Silel) = \= codt L= 1= (r%\ =\ 25 25
sy = F \zzj =+
/)
\\2_/7
2/ ,

+en \= shn () - __— = 3
(o c0>(x —4 /5 al

27
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Example 9: Find the exact value: sin(arccos(—%Dz 9% Coﬁ’ \ -

~ L"
< - ZpdC{U(A—A‘
&TCCOUL"'\%\;[X ST
Cos () = _J@
LN I S
s (o) = V= cod () = = ‘43 bl

ﬁ? gM[B(\ - 1 \D - {Tg—

- — —_—
—_—

7
4

27

28



Example 10: Find the exact value: tan(sec_l(Z)):
~_
4
Sec ' (2) = 4
SR Co( Y= L
of
Coo ( ) = e ( o=
2 5

r B taly)z 3 =03
: \

\
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29
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Example 11: Find the exact value: sin(cos_l(— 4)): U Cﬂﬂd-» nzd
~——
/
2

Cos ' (-4) =
cos () =4

< X

Mot FQSS' bio

30
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Example 12: Let y =arctan (gj where x > 0. Express cos( y) in terms of X.

\(LK\ b
Q L <
C

sutth Ao (y) = *

e | Tl

31



POPPER for Section 5.4

Question#4: Evaluate: tan(sin1 (%D

32
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Graphs of Inverse Trigonometric Functions
We note the inverse sine function as f(x) =sin™'(x) or f(x) = arcsin(x).
Domain: [-1, 1] J\Z(m; 5*;,]”1( \) = I\i_
- "
o= si(dy= O O

Key points: (_1’_%)’(0’0)’(1’%j £ley= svt(-1)= By (1)

Here is the graph of f(x) =sin"'(x):

Y= s (1) (1, *g_})

L“zio)é

33
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Inverse Cosine Function
We note the inverse cosine function as f(x)=cos™ (x) or f(X) = arccos(X).

oo 1 U= coctl-= T
(-, ™) oN

Key points: (—1,7[),(0,%),(1,0) Clo\= coy! (o= T

Here is the graph of f(x) =cos™(x):

34
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Inverse Tangent Function:

We note the function as f(x) =tan™'(x) or f(X) = arctan(X).

Domain: (—o0,)

-7 T
Range: | —,—
© (2 2)

Key points: (—1,—£j,(0,0),£1,£j (9,0) fw\'*[% =0
4 4 o

Important:

: : T /4
Inverse tangent function has two horizontal|asymptotes: y=— and y=—— .
X 8 horizontallasymp > 2

You can use graphing techniques learned in earlier lessons to graph
transformations of the basic inverse trig functions.

35
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Example 1: Which of the following points is on the graph of f(x) = arctan(x—1)?
- >
ooz BE) = et (H-) S0
S
- -
>< Bﬁo,% %LD\: od\éJme(O—\S :wéknl*\§ — n
(e —

X Not

—

(G5 o=

36
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Example 2: Which of the following can be the function whose graph is given
below?

)
e (3 roo=cos \

B) f(x)=sin"'(x-1)

e
\, ™ C) f(x)=cos™ (x+1)

D) f(x)=sin"'(x+1)

7
\ E) f(x)=tan'(x—1)
SR e N SR I

37
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Example 3: Which of the following can be the function whose graph is given
below?

im
2 /Sxf;lbﬂ A) f(x)=cos I (x-2)
9 B) f(x)=sin"'(x—2)
L C) f(x)=cos ' (x+2)

/ 5/‘ @ F (0 =sin ! (x+2)
I R R N . E) f(x)=tan"'(x+2)
6 5 4 -/2 Ny 1 bl
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Question#5: Which of the following points is ON the graph of
f (X) =arcsin(X+2) ?

39



