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Section 6.2 — Double and Half Angle Formulas

We know trig values of many angles on the unit circle. Can we use them to
find values for more angles?

For example, we know all trig values of 45° ; can we use that information to
find trig values of 22.5° (which is half of 45°)?

Or, if we know that sin :i , 1s there a way to find sin(@ ?

NOTE:

To see this:

UX

sin(%x)¢2sin(x) cok, ¥, < o> loell .
cos(%x)¢2cos(x) 095(";;(\ ;il: 2. é@‘p[)ﬁ}
tan(2x) # 2 tan(X)

o
sin(30°): — 2sin(30°):2

B

sin(2-300) :sin(60°) =T,

1 1o
2 2

sin(2-30°)¢2sin(30°)
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Sine Formula:

Now suppose we are interested in finding sin(2A) . We can use the sum

formula for sine to develop this identity:

S (A48 )= cA 1058 + sINB. oo A

sin@ =sin(A+ A) R N N

: : A A= A

~ =sin Acos A+sin Acos A

— —
= 2sin Acos A
- 3
This can be written as:  sin(2X) = 2sin(X) cos(X)
MY
Check: , dwW / prm
sin(60°)=sin(2-3o°)=2sin(30°)cos(30°)=2/-l.£:£ v
= ~— o S~ 2/ 2 LZ__{
o
sin(90°) = sin@-ff_‘i) = 2sin(45°)cos(45°) =/ QQ 1
: 3 4
Example: If sin(X)=— and cos(X)=—, then
S J

: : 34 24

2X) = 2sin(X X)=2-=-—=—'
sin(2X) = 2sin(X)cos(X) PRy
/ NN



¢’ i O
Cosine Formula Cos (A *9) = o>ASH — smA B

Similarly, we can develop a formula for cos(2A):

cos(2A) = cos(é + Lé)

=cos Acos A—sin Asin A
=cos” A—sin* A
L I - J

This can be written as:  cos(2X) = cos’(X) —sin’ (X)
—

e
Check: ?f'?"/ef’
BY (1Y 31 2 1
cos(60°)—cos2(300)—sin2(30°)—(—j —(—j _>_1_c2_1
2 4 4 4 2

cos(9(Q—cos2(i5J°)—sin2(fj)—(%] —(%) 0 v

Example: If sin(X) =§ and cos(X) = 3 then

cos}%x):cosz(x)sinz(x):(%j —(%) :%%;}_% l
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NOTE: We can restate this formula in terms of sine only or in terms of cosine
only by using the Pythagorean identities and making a substitution. So we

have: 5
% Co> (A= |— s\1A)

cos@) =cos’(A) —I sinz(A)g I
- cos (M) (1cos'(A) S = L o)

L e ar A
=cos’(A) —1+cos’(A)
— 1 ———

=2cos’(A) -1
WOV~ & coli= +
OR:
/7

cos(2A)=|@’T_i)}sin2(A) Cod[2A) =
= (1-sin’(A)) -sin’(A)
AMEERH T O sm(n= L
These can be written as: Cog(2A) =
cos(2X) =2cos*(x) -1
Or

cos(2x) =1—2sin’(x)
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kon(A+®R) = fonA tiw®
S |\ — A - 4B

Tangent Formula
] A

We can also develop a formula for tan(2A) using sum formula:

tan(2A) = tan(A+ A)
e _ tanA+tan A

~ 1—tan Atan A
_ 2tan A
1—tan® A
This can also be expressed as: tan(2x) = S tan(zx)
1 - tan”(X)
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These three formulas are called the double angle formulas for sine, cosine
and tangent.

Double — Angle Formulas

sin(2X) = 2sin(X)cos(X)

cos(2x) = cos’(x) —sin*(x)

Also:
cos(2X) =2cos’*(X) —1

cos(2X) =1-2sin’ (X)

B W
2 tan(Xx) et L ’17{5 =

tan(ZX):m ’h}ﬂ{z-)()
— lan
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POPPER for Section 6.2

Question#1:
Which of the following equations is/are true for all values of x ?

I. cos(2x)=2cosx

II. cos(2x)=2cos*x—1

11 sin(2x) = cos® X —sin” X
IV. sin(ZX) = 2sin(X)cos(X)
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Now we’ll look at the types of problems we can solve using these identities.

Dex e o

z
Example 1: Suppose X is an acute angle such thaf . Find:
. e
5 1 o+ = G~ CodX = ..2-;-;1— = =
A = 1y
N 24
a) sin2x) = A shlx). co>lx)
[ S S
\/ ?
- 2. A _;_Q‘E-— — ___Lt_______, (¢
E E 25
— b) cos(2x) = Cos™X— 51\/12')(
NEA RO
_ oy L = | 2=




Example 2: Given that tan(x)=4 , find tan(2x) .

kan(2x ) =

{

2. Aon (%)
ATy

\— don” (%)

_—

S -

\5
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Example: Given that cos(x)=
P

é , find cos(2x) .

Cos( ax) = A cos* () — |

- 1. (%Y’fl

\
\
\r::
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Example: Given that sin(A)=% , find cos(24) .

C/QS(Q\A\ = = 2 s\ (A

~ - (8

- - = -
= = %=+



awite to= E.

[
Example: Given that tan(x)=2 and 0<x<Z | find sin(2x) .
—_) 2
@'A 2_
2x\ = 2. smx. Ce>X X ¢
SR L \ N ~_- 4

=R e S
£

Math 1330
Dr. Almus



3 quadcnt

[ SM
2 3z .
Example 3: Suppose that cos(6)=—-=and 7 <@ <=—. Find

2

R Y
a) cos(20) = Q\QQSZ(%S - N = 2( “l) —\

S

3
=2 & —\
9
= % _ \_= -\
Q A 9
/N
b) sin(20) = 2sMO. cosD
I_/)_l L—'_\/

- D = \— o= \—- 4 =
cmn @) = = e o v

q
Y .5— = - _....-ﬂS
B :5: 3
=
A - 2. s = = &
2N (20) = = Z
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sm( ZA) = 2. sMAL oA
N T

Example 4: Simplify the following expressions:

L
a) 2sin(75°)cos(75°) — SN\(_-Q'T{'Q:’) = SML\5®°> =

T r
2 sn(A). cer(A)

(
—5 b) Cosz(gj—sinz(gj = 695[2':9{—3 = COS(%)
7

Cod ()= s\ [A) = cod(24)

A
4
o) 2tanl15° — +M(Q~'\SO> i ‘,M(?;O‘O) = %——
1-tan®15°
E&-’ré\da\.
Math 1330
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Example 5: Simplify the following expression: / (20
%
& - h 3 (-X_
T
COSZ(X)—sin2(X) EBZ(XS““ SMLZXJK
(- .OD( Z’?( )

5. SML&S
- jLZXS
— | 5. +on (Q—x>

12
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Example 6: Simplify the following expression:

@@/t\) cos(2x)  _ oy

4sin’(x)+4cos®(x) " (5\\'11'1( ers?'x) L4 -\
=| L cos(2x)
Rernare - L
— Lo () 4 sty = L Ldeby)

Con™ [x\ - SM”C)() = CoBLlX)

—_— 0 —

K,or.m\)la — l—\#__ st x = Co> @.,xﬂ

D smX — A

= "C \ — ?ﬁéﬂ\r\"ﬂ) = — con (2%

13
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(0-y)* = a*—2ab+ b~

Example 7: Expand and simplify the following expression:

N ¢ 2
(2sinx—2cosx)” = U_s.\va\Z' — 2 ZSN\X-EQ)))( + (2w

——

= LsnTX — D sxs COX Tt GeedX
= g (st oy ) — BENX X
M
AN
= b — 9B swx. codX
= U = KR seox
— gsl“mv\él

= |4 — 4 En(20

14



AND s rsosceles £ ,

Example 8: Triangle ABC with right angle C is shown below. Given that
sin(B):% and |AD|=|BD| , find sin(£ADC) . (Note: The image is not !

drawn to scale.)

A sw(x) = -

L

LADC s en eXtneS
W T K+ X = 2X
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POPPER for Section 6.2

Question#2:

If sin(x) = % and X is an acute angle, find the value of sin(2x) .

16



shysy Cox(30)

L
o 7
st 2257 y(15°)
Half — Angle Formulas
. . X

Using the formula cos(@) =1-2sin (@) where A= 5 we get

cos(X) =1-2sin’ (gj Solving for sin(gj , we can derive the half-angle

formula for sine: L s (X V= — co>|yx)

+
5\(\ X > __,i@
. fl cos( ) (_)
q\m,& s
Similarly, the half angle formula for cosine is derived from
cos(X) = 2cos’ (gj ~1: L
L e\ A w0 LS
(P N C IS
@ 1+ cos
cos||—||==x4 /
Finally, half-angle formula for tangent is:
( X) sinX  1—cosX
tan| — (= =
2) 1l+cosx sin X
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Half angle formulas:

COS

DO | <
S

sin X 1—cosX
tan =

X
2 1+ cos X sin X

Note: In half-angle formulas, the = symbol is intended to mean either positive
or negative but not both, and the sign before the radical is determined by the

. . X .
quadrant in which the angle 5 terminates.

Now we’ll look at the kinds of problems we can solve using half-angle
formulas.

18
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Example: Use a half-angle formula to find the exact value of cos(i)

T o wilfp oy ‘
\z

——
i N e F)
C}QS( \2 - —_—

2-

PZ
1 = 1 y
-
2

—
2.+ (3 2¢lz

i _
— N

y

/|
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..l(x - Ml———f g,
o ) [+ co> (¥) bl 4
S~

Example: Use a half-angle formula to find the exact value of tan(

0y

I—\__ s M\—Q« Q& n

m ()
b TN = _EL”LL__LL——-—
k \ e )

L:,—M@/:G;\

\—‘YE'—‘ -
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hall %7

L

Example: Use a half-angle formula to find the exact value of cos(—

T s owalp o) TR

@ R i (NP (8
C’Mi @ \z

ords

\ % m(h) the
C*‘”( S REe:
6% 1~
%M*l Gy
\k!, Cos . = ol 6 li—z(-——})//
S

_ 2. - (3

o\ = i

|
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515% usvtx\:@ T < x 2 33
o
Example: Given sin(x)z—i and 7z<x<3—7z find the value of T @ />
5 \_, - 2 L [— o
\ , 2 2
G oo P
. -3 2" _
a) coS@j - @ \’l‘%"’(?‘) -5_ q\Md
CogML . —
S
1" - __- E... R =\
%’“”L - f—%' = (_5/ I =4
|
)
= ¢ -
- = “".,-'j"' -
_ | 25
5
\— (-3
\— X ____L___?_-—-
— [y —
) tan( j S _L%_
A W 1
- 22— = 4 —
,% cd

Math 133023
Dr. Almus




~TT g—
[ oxsm o g B TWa x4 2

Note: If A< X< B, then to determine the quadrant for g , divide the

A x B
inequality by 2: —<—<—.
q y by 5 °5°%

For example;

If 7<x< 377[, then %< g < 377[ So, terminal side for g is in Quadrant 2.
—

(sine: + . cosine: - )

lf/?:; L 3z |0 0 2
If | —<6 <@ then — <\— « 7. So, terminal side for — 1s in Quadrant ‘&/
2 ' 4 2]0 5
— N
(sine:4, cosine: -) 39”7 (4¢”

If x is acute, then g is also acute (in Quadrant 1).
S\t

r:zo)"_i_
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coH)X = --L—'
(s
L
Example: Given\tan(x)=2 Jand 0<x <7 , find the value of
N
(Xj fun. 4 = x s ack
tan(2X) + tan| —
N7 Lodmx o Az 4 L4
|— dun® X \—Z

Math 13395
Dr. Almus



N1 smnll : e

Example: Given 0 < X< 210 , simplify the following expression:

P—— (A l i;

l—co>(A) _ sf\n( L3
IZCOS(SX) w 7 2/>
\ A=loy %—/: x

_ 2 cof5)) . w50

= 6. co>(5x): sw (5%
Ne— —
-

= 6.osn 25x) = 6 s(00)
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POPPER for Section 6.2

Question#3:

If cos(X) :% and X is an acute angle, find the value of sin (gj .

(Hint: don’t forget to rationalize your answer.)
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