
ADVANCED LINEAR ALGEBRA

CLASS DIARY FOR MATH 4377, FALL 2003

Time and location: 10am–11am MWF, in 347 PGH
Instructor: J. Hausen, 666 PGH, 713–743–3479, hausen@math.uh.edu
Office Hours: 1pm–2pm MWF, and by appointment
Text: Linear Algebra (Second Edition), K. Hoffman and R. Kunze, Prentice
Hall, Englewood Cliffs, NJ, 1971 (ISBN 0-13-536797-2).

These class notes are intended as a compact diary of the course. Refer-
ences to our text are made in the form [HK, §1.1], etc.

1. Chapter 1. Linear Equations

Session 1, Monday, August 25. Distribute Course Info sheet. Lecture on
§1.1, Fields: Definition. Examples and nonexamples. Subfields. The finite
fields Zp with p a prime. A field F has characteristic zero if the element
1 added to itself any finite number of times is nonzero: 1 + 1 + · · · + 1 6=
0; if it is possible to obtain the zero element of F as the sum of finitely
many 1s, then the characteristic of F is the least positive integer n such
that 1 + 1 + · · · + 1 = 0 (n terms). The field C of complex numbers has
characteristic zero (and so do all subfields of C). For p a prime, the field
Zp has characteristic p. For example, in Z3 = {0,1,2}, 1 + 1 + 1 = 0 but
1 6= 0 and 1 + 1 = 2 6= 0.

Session 2, Wednesday, August 27. Lecture on §1.2, Systems of Linear
Equations: Solution to a system of m linear equations in n variables over
a field F . Homogeneous systems. Linear combination of the equations of
a system. Equivalent systems. Equivalent systems have exactly the same
solutions.

Session 3, Friday, August 29. Lecture on §1.3, Matrices and Ele-
mentary Row Operations: Matrix representation AX = Y of a system
of linear equations over F . Definition of matrix. The three types of elemen-
tary row operations. Row operations are invertible and their inverses are
elementary row operations of the same type. Row–equivalent matrices. If A
and B are m×n matrices which are row–equivalent, then the homogeneous
systems AX = 0 and BX = 0 have exactly the same solutions.

Session 4, Wednesday, September 3. Every matrix over a field is row–
equivalent to a row–reduced matrix. Lecture on §1.4. Row–Reduced
Echelon Matrices: Definition. Every matrix over a field is row–equivalent
to a row–reduced echelon matrix. Method to solve a homogeneous system.
Free (or independent) variables, dependent variables.

Session 5, Friday, September 5. Continue §1.4. Let R be an m × n
row–reduced echelon matrix with r nonzero rows and consider the homo-
geneous system RX = 0 in variables x1, . . . , xn. A variable xj is free (or
independent) if the jth column of R does not contain the leading 1 of a

1



2

nonzero row; if the jth column of R does contain the leading 1 of a nonzero
row, then xj is said to be dependent. Note that there are r dependent
variables and, hence, n− r independent variables (called u1, . . . , un−r in the
text). For i = 1, . . . , r, the ith equation of the system RX = 0 contains ex-
actly one dependent variable with nonzero coefficient, namely 1 · xki

where
ki is the column number of the column containing the leading 1 of the ith
row. Choosing arbitrary values for the free variables, one easily solves the
r nonzero equations for the dependent variables; the remaining n − r zero
rows correspond to equations of the form 0 ·x1 + · · ·+0 ·xn = 0. A solution
x1, . . . xn to the homogeneous system is trivial if x1 = x2 = · · · = xn = 0.
A homogenous system with more variables than equations has (at least one)
non–trivial solution. An n×n matrix A is row equivalent to the n×n iden-
tity matrix if and only if the system AX = 0 has only the trivial solution.

Session 6, Monday, September 8. Finish §1.4. Consider systems of m
linear equations in n variables x1, . . . , xn which are not linear. If AX = Y is
such a system, the m× 1 “right hand side” column vector Y is not the zero
vector. Define A′ = [A |Y ] to be the augmented matrix of the system. Then
A′ is an m× (n+1) matrix. Suppose that e is an elementary row operation.
If e([A |Y ]) = [B |Z] where Z is an m× 1 column vector, then the systems
AX = Y and BX = Z are equivalent systems. By [HK, p. 5, Theorem 1],
AX = Y and BX = Z have exactly the same solutions. Hence, two systems
AX = Y and BX = Z have exactly the same solutions if the augmented
matrices [A |Y ] and [B |Z] are row eqivalent. Suppose e1, e2, . . . , ek are ele-
mentary row operations such that ek(ek−1(. . . (e2(e1(A)) . . . )) = R is a row–
reduced echelon matrix. Then ek(ek−1(. . . (e2(e1([A |Y ])) . . . )) = [R |Z] for
some m × 1 column vector Z. Let r be the number of nonzero rows of
R. Then RX = Z (and hence AX = Y ) is solvable iff each entry in rows
r + 1, r + 2, . . . ,m of Z is 0. If this is the case, the set of all solutions to
RX = Z (and hence to AX = Y ) can be found as in the case of homo-
geneous systems: Suppose for i = 1, . . . , r, the leading 1 in the ith row is
located in column ki, 1 ≤ i ≤ r. Denoting the free variables by u1, . . . , un−r

and the coefficient of uj in the ith equation of RX = Z by Cij , the ith
equation of RX = Z is

xki
+

n−r∑
j=1

Cijuj = zi, i = 1, . . . , r .

The remaining m− r equations are of the form 0 = 0. Example 9. Suppose
F is a subfield of a field E (Example: F = R and E = C) and AX = Y
is a system of linear equations with all scalars including the right hand
sides yi, i = 1, . . . ,m, belonging to F . If it is known that AX = Y has
a solution x1, . . . , xn with each xi ∈ E, then AX = Y has also a solution
x′1, . . . , x

′
n with each x′i ∈ F . This follows from the fact that the elementary

row operations used to reduce A to a row–reduced echelon matrix, R, can
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be chosen to involve multiplication by scalars which all belong to F . Thus,
the augmented matrix [R|Z] will be a matrix over F , and solvability is
determined solely by examining the last m − r entries of Z. Should one of
the zi, i = r + 1, . . . ,m be nonzero, RX = Z (and hence AX = Y ) will
have no solution, not in F and not in E. Given solvability in E, this cannot
happen. The method outlined above provides all the solutions in F .

Session 7, Wednesday, September 10. Work Problem 8, page 16, in
class. Lecture on §1.5, Matrix Multiplication: Let F be a field, and
let A and B be matrices over F of size m × n and n × p, respectively.
Then the product AB of A and B is defined to be the m × p matrix C
with Cij = Ai1B1j + Ai2B2j + · · · + AinBnj =

∑n
r=1AirBrj , i = 1, . . . ,m,

j = 1, . . . , p. If the number of columns of A does not equal the number
of rows of B, then AB is undefined. Given row vectors βi = [Bi1, . . . , Bip],
i = 1, . . . , n, and scalars c1, . . . , cn, one defines c1β1 + · · · + cnβn to equal
the row vector, call it γ, given by

γ =
n∑

i=1

ciβi =
n∑

i=1

ci[Bi1, . . . , Bip] =
n∑

i=1

[ciBi1, . . . , ciBip]

and says that γ is a linear combination of β1, . . . , βn.
Session 8, Friday, September 12. Continue §1.5. Given matrices A of

size m× n and B of size n× p, each row of the matrix product AB = C is
a linear combination of the rows of B: If βi denotes the ith row of B and γi

the ith row of C, then, for each i = 1, . . . ,m,

γi = [Ci1, . . . , Cip] = [
n∑

r=1

AirBr1, . . . ,
n∑

r=1

AirBrp] =
n∑

r=1

Air[Br1, . . . , Brp]

which equals
∑n

r=1Airβr. In general, AB 6= BA even if both products are
defined. If I is the n×n identity matrix then AI = A and IB = B whenever
the matrix products are defined. For the m×n zero matrix 0m,n, all matrix
products A · 0m,n and 0m,n ·B, assuming they are defined, are zero matrices
of the appropriate sizes. Note that a system of m linear equations in n
variables x1, . . . , xn and right-hand-sides y1, . . . , ym (as the system (1-1) on
page 3) can be written as a matrix product A ·X = Y where A is the m×n
matrix of coefficients, X is the n × 1 matrix containing the variables and
Y is the m × 1 matrix containing the right-hand-side constants. Given an
n × p matrix B, let Bj denote the jthe column of B, i.e. Bj is the n × 1
matrix with Bij in row i. Then B = [B1, . . . , Bp] is partitioned into its
columns. Given any m × n matrix A, one has AB = [AB1, . . . , ABp], i.e.
the jth column of AB is the matrix product ABj , j = 1, . . . , p. Matrix
multiplication (if defined) is associative.

Session 9, Monday, September 15. Continue §1.5. An elementary matrix
is a (necessarily square) matrix which is obtained from an identity matrix
by a single elementary row operation. Let e be an elementary row operation
defined on the set ofm–rowed matrices over F , and E = e(I) where I denotes
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the m ×m identity matrix. Then e(A) = E · A for all m × n matrices A.
Thus, an m × n matrix B is is row equivalent to A iff B = PA where P is
a product of finitely many m×m elementary matrices.

Session 10, Wednesday, September 17. Questions on Homework Set 3?
Lecture on §1.6: Invertible Matrices. Let A be an n × n matrix over the
field F . A left inverse of A is an n×n matrix B over F such that BA = I;
a right inverse of A is an n × n matrix C over F such that AC = I.
If BA = AB = I, then B is said to be a two–sided inverse of A and
A is said to be invertible. If a square matrix has a left inverse, B, and
a right inverse, C, then B = C and A is invertible with unique inverse
A−1 = B = C. The inverse of an invertible matrix is invertible; products of
invertible matrices are invertible. Every elementary matrix is invertible and
its inverse is an elementary matrix. Thus, products of elementary m ×m
matrices are invertible.

Session 11, Friday, September 19. Continue lecture on §1.6. All matrices
are matrices over some given field F . Re homework problems: Let A
be an m × n matrix, and let R be a row–reduced echelon matrix which is
row–equivalent to A. Consider the following problems: (1) Find R. (2)
Find an invertible m × m matrix P such that R = PA. (3) Given an
m × 1 matrix Y0 with entries in F , find all solutions to AX = Y0. (4) For
the case that m = n, determine whether A is invertible and, if it is, find
A−1. In order to do a problem of type (1), choose your favorite elementary
row operations e1, e2, . . . ek such that R = ek(ek−1(. . . (e2(e1(A))) . . . )). Let
Ei = ei(I) where I is the m ×m identity matrix. Let P = EkEk−1 . . . E1.
Then, as a product of elementary matices, each of which is invertible, P
is invertible (page 22, Corollary and Theorem 11). For every m–rowed
matrix M over F , ek(ek−1(. . . (e2(e1(M))) . . . )) = PM . For problems of
the other types, it is a good approach to consider the augmented matrix
[A|Y ] with Y the m × 1 matrix containing the variables y1, . . . , ym. Then
ek(ek−1(. . . (e2(e1([A|Y ]))) . . . )) = P [A|Y ] = [PA|PY ] = [R|Z] [HK, page
19, top paragraph]. The entries of the m × 1 matrix PY = Z are linear
functions of the y1, . . . , ym. For problems of type (2), note that P = PI =
[PI1, . . . , P Im], so that the the jth column Pj of P is the product PIj =
ek(ek−1(. . . (e2(e1(Ij))) . . . )), j = 1, . . . ,m. Substituting, in the matix Z,
yj = 1 and yi = 0 for all i 6= j, one can read off the jth column of P .
For problems of type (3), if the entry in row i of Y0 is the scalar ci, let Z0

be the matrix obtained from Z by replacing each yi with ci. AX = Y0 is
solvable iff PAX = PY0 is solvable iff RX = Z0 is solvable iff the entries
of Z0 in rows r + 1, . . . ,m are zero should the number of nonzero rows, r,
be less than m. Assuming this is the case, one assigns an arbitrary value
to every variable xj with j having the property that the jth column of R
does not contain a leading 1 of a nonzero row; one then solves the ith of
the r nonzero equations of RX = Z0 for xki

where ki denotes the column
number of the leading 1 of the ith row of R. See [HK, page 12, bottom
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paragraph]. For problems of type (4), suppose m = n, i.e. A has size n× n.
As before, [R|Z] = [PA|PY ] = P [A|Y ]. If R has a zero row, then RX = 0
has the nontrivial solution X = In where In denotes the nth column of the
n × n identity matrix. The solution sets of AX = 0 and of RX = 0 being
equal [HK, page 7, Theorem 3], AX = 0 has a nontrivial solution and the
following Super Theorem (or [HK, page 23, Theorem 13]) implies A is not
invertible. Suppose R has no zero rows. One verifies that the only row–
reduced echelon matrix of size n× n with no zero rows is the n× n identity
matrix (induct on n). Thus I = R = AP which implies P = A−1, and you
determine the columns of P from X as described for type (2) problems: For
j = 1, . . . , n, the jth column of P = A−1, is obtained from Z = PY by
substituting yj = 1 and yi = 0 for all i 6= j.

We proved:
Super Theorem. For an n× n matrix A over a field, the following condi-
tions are equivalent:

(1) A is row–equivalent to the identity matrix.
(2) A is a product of elementary matrices.
(3) A is invertible.
(4) A has a left inverse.
(5) A has a right inverse.
(6) The homogeneous system AX = 0 has only the trivial solution X = 0.
(7) The linear system AX = Y has a solution X for each n× 1 matrix Y .

Session 12, Monday, September 22. Finish §1.6. Immediate conse-
quences of the Super Theorem are Theorems 12 and 13 and the first corol-
lary on page 24 of [HK]; the second corollary on page 23 follows from the
Super Theorem together with the corollary on page 20. For the first corol-
lary on page 23, note that if the ei are elementary row operations with
ek(ek−1(. . . (e2(e1(A))) . . . )) = I and Ei = ei(I), then P = Ek . . . E2E1 has
the property that PA = I, so P = A−1 and

A−1 = P = ek(ek−1(. . . (e2(e1(I))) . . . )) .

The final result of §1.6 is the second corollary on page 24: If A is a product
of n×n invertible matrices, then A is invertible by [HK, page 22, Corollary].
Conversely if A is invertible and a product of k matrices Ai of size n × n,
then each of the Ai is invertible. This is proved by induction on k.

Session 13, Wednesday, September 24. Homework day. Several students
requested to see a solution to Exercise 7, §1.6, page 27. Bethany Fields and
Melahat Almus volunteered and presented their solutions. Thanks to both.
Lecture on Chapter 2: Vector Spaces. Definition and Examples.

Session 14, Friday, September 26. Review for Test 1.

Session 15, Monday, September 29. Test 1.
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2. Chapter 2. Vector Spaces

Session 16, Wednesday, October 1. Lecture on §2.1. Geometrical inter-
pretation of vector addition and scalar multiplication for the vector spaces
R2 and R3. Proof of 2-8, 2-9, and 2-10 on page 31. Linear combinations.
Definition of a subspace. Examples for subspaces of R2 and R3.

Session 17, Friday, October 3. Continue lecture on §2.2. Let V be a
vector space over the field F and let W ⊆ V . Write W ≤ V to signify that
W is a subspace of V . Note that the empty set is never a subspace. If
W 6= ∅, then W ≤ V iff, for all α, β ∈W and all c ∈ F , cα+ β ∈W . Every
vector space is a subspace of itself, and the subset {0} consisting of only the
zero vector is a subspace. The set of all solutions to a homogeneous system
AX = 0 of m linear equations in n unknowns is a subspace of Fn,1 (or of
Fn if you regard n×1 matrices over F as n–tuples). The intersection of any
nonempty collection of subspaces of V is a subspace of V . Given a set S of
vectors in V , the intersection of all subspaces of V containing S is said to be
the subspace spanned by S. Thus, the subspace spanned by the empty set is
{0}. If S 6= ∅, the subspace spanned by S consists of all linear combinations
of vectors in S. Given subspaces W1, . . . ,Wn of V , W1 + · · ·+Wn is defined
to be the set of all vectors α of the form α = γ1 + · · ·+ γn with γi ∈Wi for
i = 1, . . . , n.

Session 18, Monday, October 6. Continue lecture on §2.2. Given a subset
S of a vector space V , the subspace spanned by S will be denoted by < S >.
Given a field F , the set of all functions f : F → F which are polynomials
(i.e. functions f for which there exist scalars a0, a1, . . . , an in F such that
f(x) = a0 + a1x+ · · ·+ anx

n for every x ∈ F ) is a nonempty subset of the
vector space of all functions from F to F (Example 3, page 30) which is
closed under vector addition and scalar multiplication. By Theorem 1, page
35, F [x] is a subspace and, hence, is a vector space on its own right. Denoting
by fk, for k = 0, 1, 2, . . . , the function defined by fk(x) = xk for all x ∈ F ,
one verifies that every polynomial in F [x] is a linear combination of finitely
many of the fks; indeed, if f(x) = a0 + a1x + · · · + anx

n for every x ∈ F ,
then f = a0f0 + a1f1 + · · · + anfn. Thus, the set S = {fk|k = 0, 1, 2, . . . }
spans F [x]. The row space of an m×n matrix A over F is the subspace of
Fn spanned by the rows of A. Row–equivalent matrices have the same row
space. To see this, note that, if C is row–equivalent to the m×n matrix B,
then there exists an invertible m×m matrix P such that C = PB. Denote,
for i = 1, . . . ,m, the i th row of B by βi and the i th row of C by γi. By (1–4)
on page 16 of the text, each γi is a linear combination of the βj s. Theorem
3, page 37, implies that the row space < γ1, . . . , γm > of C is contained
in < β1, . . . , βm >, the row space of B. Conversely, since B = P−1C, the
same argument proves that < β1, . . . , βm >⊆< γ1, . . . , γm >. It follows that
< β1, . . . , βm >=< γ1, . . . , γm >.
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Session 19, Wednesday, October 8. Lecture on §2.3. Bases and Dimen-
sion. Let V be a vector space over a field F . A set S of vectors in V is
said to be linearly dependent if, given any finitely many pairwise distinct
vectors α1, . . . , αn in S, there exist scalars c1, . . . , cn in F not all of which
are zero such that c1α1 + · · · + cnαn = 0. A basis for a vector space V
is a linearly independent subset of V which spans V . Examples: The set
of unit vectors {ε1, . . . , εn} is a basis for Rn. The set of all matrices in
Fm×n which have exactly one nonzero entry and this entry is 1F is a basis
for Fm×n. The set {1, x, x2, . . . } is a basis for the space of all polynomial
functions in F [x]. Given an invertible matrix P of size n × n over F , its
columns are a basis for Fn×1. If a vector space V contains a finite spanning
set consisting of m vectors, then every linearly independent set of vectors in
V contains at most m elements (Theorem 4).

Session 20, Friday, October 10. Continue lecture on §2.3. Any two
bases of a finite dimensional vector space contain the same (finite) number
of vectors (Corollary 1, page 44). One defines the dimension of a finite
dimensional vector space V to be the number of vectors in a (and hence in
every) basis for V . Notation: dimV . Thus, dimFn = n, dimFm×n = m ·n.
Note that the empty set is a basis for the zero space {0}. Thus, dim {0} = 0.
Given a finite dimensional vector space V of dimension n, every subset of
V containing more that n vectors is linearly dependent; and every subset of
V which spans V must contain at least n vectors (Corollary 2, page 44). If
S is a linearly independent subset of a vector space V and β is a vector in
V which is not contained in the span of S, then the set S ∪ {β} is linearly
independent (Lemma, page 45). Applications of this lemma to R3.

Session 21, Monday, October 13. Continue lecture on §2.3. We used
the Lemma on page 45 to prove the following version of Theorem 5: If
V is a finite dimensional vector space over F and W is a subspace of V
containing a linearly independent set S0 of vectors, then (i) S0 is finite; (ii)
S0 can be extended to a finite basis S for W ; and (iii) there exists a basis
B for V containing S. Consequences: (1) Subspaces of finite dimensional
vector spaces are finite dimensional. (2) A linearly independent subset S0

of a finite dimensional vector space V can be extended to a basis of V .
(3) If W is a proper subspace of a finite dimensional vector space V , then
dimW < dimV . The last property can be seen as follows: If W 6= V is a
proper subspace of the finite dimensional vector space V and S is a basis of
W , then S is a linearly independent set of vectors in V . By Theorem 4, if
dimV = n, then |S| ≤ n. Since W =< S >6= V , there exists α ∈ V such
that α /∈ W and, by the lemma, the set S ∪ {α} is linearly independent.
Again, |S ∪{α}| ≤ n proving |S| < n. If the rows of an n×n matrix A over
F are linearly independent, then A is invertible (Corollary 3). Statement of
Theorem 6: If W1 and W2 are subspaces of a finite dimensional vector space
V , then W1 +W2 and W1 ∩W2 are subspaces of V and

dim(W1 +W2) = dimW1 + dimW2 − dim(W1 ∩W2) .
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Example: If W1 and W2 are two–dimensional subspaces of R3, then their
intersection cannot equal the zero subspace: W1 ∩W2 6= {0}.

Session 22, Wednesday, October 15. Work problems from HW Set 6
with Maureen Royce.

Session 23, Friday, October 17. Postpone proof of the dimension for-
mula, Theorem 6. Remark: Given a (ordered) sequence α1, . . . , αn of
vectors, define the sequence to be linearly dependent if there exist scalars
c1, . . . , cn not all of which are zero such that c1α1 + · · ·+ cnαn = 0. If this
is not the case, then the sequence of vectors is defined to be linearly inde-
pendent. Note that α1, . . . , αn is linearly dependent if some vector appears
twice in the sequence, i.e. there exist i, j such that i 6= j and αi = αj . Let
V be a vector space over the field F and suppose V has finite dimension n.
Let B denote an ordered basis for V consisting of the sequence α1, . . . , αn

of vectors. Let β ∈ V . Then there exist unique scalars b1, . . . , bn such that
β = b1α1 + · · ·+ bnαn. The n–tuple (b1, . . . , bn) ∈ Fn is called the coordi-
nate vector of β with respect to the ordered basis B, and the coordinate
matrix of β with respect to the ordered basis B is the n× 1 matrix,
denoted by [β]B, such that

[β]B =


b1
b2
...
bn

 .

Theorem 7 concerns the relationship between the coordinates of the same
vector β ∈ V with respect to two different ordered bases for V : Suppose B is
an ordered basis consisting of vectors α1, . . . , αn and B′ is an ordered basis
consisting of vectors α′1, . . . , α

′
n, then there exists a unique n× n matrix P

over F , which is necessarily invertible, such that, for every β ∈ V , [β]B =
P [β]B′ (and hence, [β]B′ = P−1[β]B). Moreover, the jth column of P is
Pj = [α′j ]B.

Session 24, Monday, October 20. An example was given with V = F 2×2

where F is some subspace of the field of complex numbers. Consider the
ordered basis B which consists of the matrices

A =
[

1 0
0 0

]
, B =

[
0 1
0 0

]
, C =

[
0 0
1 0

]
, D =

[
0 0
0 1

]
.

Note that,

if M =
[
a b
c d

]
, then [M ]B =


a
b
c
d

 .

Consider the following matrices:

A′ =
[

1 0
2 3

]
, B′ =

[
0 1
−1 4

]
, C ′ =

[
0 2
0 5

]
, D′ =

[
0 0
0 −1

]
.
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If a, b, c, d are scalars such that aA′ + bB′ + cC ′ + dD′ = 0, the 2 × 2 zero
matrix, one verifies that a = 0 = b = c = d which proves that the four
primed matrices are linearly independent and, hence, constitute another
ordered basis. Denote by B′ the ordered basis {A′, B′, C ′, D′}. Let P =
[ [A′]B, [B′]B, [C ′]B, [C ′]B]. Thus,

P =


1 0 0 0
0 1 2 0
2 −1 0 0
−3 4 5 −1

 .

Row reducing the augmented 4× 5 matrix [P |Y ], one obtains

[P |Y ] =


1 0 0 0 y1

0 1 2 0 y2

2 −1 0 0 y3

−3 4 5 −1 y4

 −→ . . . −→


1 0 0 0 y1

0 1 0 0 2y1 − y3

0 0 1 0 −y1 + 1
2y2 + 1

2y3

0 0 0 1 5
2y2 − 3

2y3 − y4


which implies that

P−1 =


1 0 0 0
2 0 −1 0
−1 1

2
1
2 0

0 5
2 −3

2 −1

 .

Thus, for example,

if M =
[
a b
c d

]
, then [M ]B′ = P−1[M ]B = P−1·


a
b
c
d

 =


a

2a− c
−a+ 1

2b+ 1
2c

5
2b−

3
2c− d

 .

Theorem 8 provides a source for finding different ordered bases for a finite
dimensional vector space: If V is an n–dimensional vector space with ordered
basis B then, given any invertible n × n matrix P , there exists a unique
ordered basis B′ for V such that, for every vector β ∈ V , [β]B = P [β]B′ and,
consequently, [β]B′ = P−1[β]B. For example, if V = R2 and

P =
[

cos θ − sin θ
sin θ cos θ

]
,

then P has determinant 1, so P is invertible. It follows that the homogeneous
system PX = 0 has only the trivial solution X = 0. This implies that the
columns of P are linearly independent. Hence B′ = {(cos θ, sin θ), (− sin θ, cos θ)}
is an ordered basis of V . Geometrically, the vectors in B′ are obtained from
the unit vectors ε1 and ε2 by a rotation about the origin through the angle
θ. Note that

P−1 =
[

cos θ sin θ
− sin θ cos θ

]
.
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If B denotes the standard basis {ε1, ε2} of V , then for every vector β =
(x, y) ∈ V ,

[β]B′ = P−1[β]B = P−1
[
x
y

]
=

[
x cos θ + y sin θ
−x sin θ + y cos θ

]
.

Session 25, Wednesday, October 22. Lecture on §2.5: Summary of Row
Equivalence. The row space of an m×n matrix A over F is the subspace of
Fn spanned by the rows of A. The row rank of a matrix is the dimension of
its row space. Row–equivalent matrices have the same row space (Theorem
9). We proved (1) through (4) of the following

Lemma. Let R be an m × n row–reduced echelon matrix over F with
r nonzero rows, ρ1, . . . , ρr, and let the leading 1 of row j occur in column
kj , j = 1, . . . , r. Then k1 < . . . , kr. Define W = 〈ρ1, . . . , ρr〉 to be the row
space of R and let β = (b1, . . . , bn) ∈ W . Then: (1) β =

∑r
j=1 bkj

ρj . (2)
The set {ρ1, . . . , ρr} is a basis for W (i.e. Theorem 10 holds). (3) If β ∈W
is a nonzero vector and the first nonzero coordinate of β is located in the
tth column, then t ∈ {k1, . . . , kr}. (4) If one defines the set S(W ) to consist
of all positive integers k for which there exists a nonzero β ∈ W with first
nonzero coordinate in the kth column, then S(W ) = {k1, . . . , kr}. (5) For
each t ∈ {1, . . . , r}, there is one and only one vector β = (b1, . . . , bn) ∈ W
such that bkt = 1 and bkj

= 0 for all j 6= t, namely β = ρt.

Session 26, Friday, October 24. Condition (5) of the Lemma follows from
condition (1) completing the proof of the Lemma. Consequences: Given
positive integers m,n and a subspace W of Fn with dimW ≤ m, there
exists exactly one row–reduced echelon matrix of size m × n having W for
its row space (Theorem 11). Proof: Let dimW = r ≤ m and let α1, . . . , αr

be a basis for W . Let A be the m × n matrix containing α1, . . . , αr in
its first r rows followed by m − r zero rows. Then A ∈ Fm×n and A has
row space W . By Theorem 5, page 12, A is row–equivalent to a row–
reduced echelon matrix R. By Theorem 9, page 56, W is the row space of
R, and by Theorem 10 (which was (2) of the Lemma), R has r nonzero rows,
ρ1, . . . , ρr. Let the leading 1 of row j be in column kj , j = 1, . . . , r. Then
k1 < . . . .kr. Suppose R′ ∈ Fm×n is another row–reduced echelon matrix
having W for its row space. Then R′ has r nonzero rows ρ′1, . . . , ρ

′
r with

leading 1s located in columns k′1, . . . , k
′
r, k

′
1 < · · · < k′r. By the Lemma,

S(W ) = {k1, . . . , kr}. Since R and R′ have the same row space, W , we must
have S(W ) = {k1, . . . , kr} = {k′1, . . . , k′r}. Hence k′j = kj for j = 1, . . . , r.
By the Lemma, part (5), for t = 1, . . . , r, there is exactly one vector in W
with kth

t coordinate 1 and kth
j coordinate 0 for all j 6= t, namely ρt, the tth

row of R. Note that for t = 1, . . . , r, ρ′t ∈ W has kth
t coordinate 1 and kth

j

coordinate 0 for all j 6= t. Thus, for t = 1, . . . , r, the tth row of R and the
tth row of R′ are equal; the remaining m− r rows of both R and R′ are zero
rows. It follows that R = R′.
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Every matrix is row–equivalent to one and only one row–reduced echelon
matrix (first Corollary, page 58). Two m × n matrices over F are row–
equivalent iff they have the same row space (second Corollary, page 58).

Lecture on §2.6: Computations Concerning Subspaces. Tasks: Given
α1, . . . , αm ∈ Fn, how does one determine whether the vectors are linearly
dependent? How does one determine whether a vector β ∈ Fn belongs to the
subspace spanned by α1, . . . , αm ∈ Fn? There are two methods: Method 1
(“the Row Method”) and Method 2 (“the Column Method”). See Example
21, page 60, for both. Note homework assignment due Monday.

Session 27, Monday, October 27. Review for Test 2. Graded Homework
Set 8 may be picked up at my office after 6pm.

Session 28, Wednesday, October 29. Test 2 (on Chapter 2). See the web
for the solutions.

3. Chapter 3. Linear Transformations

Session 29, Friday, October 31. Lecture on §3.1. Let V and W be vector
spaces over the field F . A linear transformation from V toW is a function
T : V → W such that T (cα1 + α2) = cT (α1) + T (α2) for all c ∈ F and all
α1, α2 ∈ V . Examples: (1) If V denotes the set of all polynomial functions
from R to R, then the derivative D : V → V is a linear transformation.
(2) Let A ∈ Fm×n be a fixed matrix and define TA : Fn×1 → Fm×1 by
TA(X) = A ·X for all X ∈ Fn×1. Then TA is a linear transformation.

If T : V → W is a linear transformation, then (i) T (0V ) = 0W ; and (2)
for all α1, . . . , αn ∈ V and all c1, . . . , cn ∈ F ,

T (c1α1 + · · ·+ cnαn) = c1T (α1) + · · ·+ cnT (αn) .

Let V and W be vector spaces over F . If V is finite dimensional and
α1, . . . , αn is a basis for V then, given any vectors β1, . . . , βn ∈ W , there
exists a unique linear transformation T : V → W such that T (αi) = βi for
i = 1, . . . , n (Theorem 1). Example: Let V = R2 and let W be the space of
all functions f : R → R (Example 3, page 30). Then ε1, ε2 form a basis for
V . Pick functions βi ∈W , for instance β1(x) = x2 and β2(x) = sinx for all
x ∈ R, then there is a unique linear transformation T : R2 → W such that
T (εi) = βi, i = 1, 2; indeed, if α = (a, b) ∈ R2, then T (α) = T (aε1 + bε2) =
aβ1 + bβ2, so T (α) : R → R is the function T (α)(x) = (aβ1 + bβ2)(x) =
ax2 + b sinx for all x ∈ R.

Given a linear transformation T : V → W , the range space of T is
defined to be the set RT of all vectors β ∈ W such that β = T (α) for some
α ∈ V ; the null space of T is defined to be the set NT of all vectors α ∈ V
such that T (α) = 0W . One verifies that RT is a subspace of W and NT is a
subspace of V .

Session 30, Monday, November 3. Finish §3.1, Linear Transformations.
If T : V →W is a linear transformation and V has finite dimension, then the
null space NT and the range space RT are finite dimensional and dimNT +
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dimRT = dimV . The nullity of T is defined to be the dimension of NT

and the rank of T is defined to be the dimension of RT , thus

nullity(T ) + rank(T ) = dimV

(Theorem 2).
Given an m×n matrix A over F , the column space of A is the subspace

of Fm×1 spanned by the columns of A. The dimension of the column space
of A is called the column rank of A. Consider the linear transformation

TA : Fn×1 → Fm×1

of example (2), Session 29: TA(X) = A · X for all X ∈ Fn×1. Then the
null space of TA is the solution space of the homogeneous system AX = 0,
and the range space of TA is the set of all Y ∈ Fm×1 such that AX = Y is
solvable. Since any such Y can be written as

Y = x1A1 + · · ·+ xnAn

with scalars xi ∈ F and Aj being the jth column of A, the column space of
A is equal the range of TA. Thus, the column rank of A equals the rank of
the linear transformation TA. Suppose that E is the row–reduced echelon
matrix which is row–equivalent to A. Then AX = 0 and EX = 0 have
precisely the same solution space. If r denotes the number of nonzero rows
of E, then the solution space of EX = 0 has dimension r (Example 15 on
page 42); hence, the linear transformation TA has nullity n−r. By Theorem
2,

n = nullity(TA) + rank(TA) = (n− r) + (column rank(A))
which implies that the column rank of A is r, and hence the row rank and
the column rank of A are equal (Theorem 3).

Session 31, Wednesday, November 5. Upon request, Exercises 1, 2, 4,
and 7 on page 73 were worked. Continued lecture on §3.2. Let V and W be
vector spaces over the field F and let L(V,W ) denote the set of all linear
transformations from V to W . Given S, T ∈ L(V,W ) and c ∈ F , define
S + T : V → W and cT : V → W by (S + T )(α) = S(α) + T (α) and
(cT )(α) = c · T (α) for all α ∈ V . Then L(V,W ) is a vector space over F
(Theorem 4). If V has finite dimension n and W has finite dimension m,
then L(V,W ) has dimension mn (Theorem 6); indeed, if {α1, . . . , αn} is a
basis for V and {β1, . . . , βm} is a basis for W , then the set

B = {Ep,q | p = 1, . . . ,m and q = 1, . . . , n}
is a basis for L(V,W ) where, for p ∈ {1, . . . ,m} and q ∈ {1, . . . , n}, Ep,q

is the (according to Theorem 1) unique linear transformation from V to W
such that

Ep,q(αj) =
{

0 if j 6= q
βp if j = q

or, more compactly,
Ep,q(αj) = δjqβp
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for each j = 1, . . . , n. Proof next time.
Session 32, Friday, November 7. Continue lecture on §3.2. Proof of

Theorem 5. If V,W,Z are vector spaces over F and T : V → W and
S : W → Z are linear transformations, then the composition S ◦ T : V → Z
is a linear transformations (Theorem 6). Thus, the vector space L(V, V ) =
L(V) has a multiplication defined, namely composition of functions (the
text writes ST for S ◦ T ), which is associative (i.e. (ST )U = S(TU) for
all S, T, U ∈ L(V)), has a multiplicative identity I (i.e. IT = TI = T for
all T ∈ L(V)), namely I : V → V is the identity function, multiplication
is right and left distributive over addition (i.e. (S + T )U = SU + TU and
S(T + U) = ST + SU for all S, T, U ∈ L(V)), and has the property that
c(ST ) = (cS)T = S(cT ) for all S, T ∈ L(V) and all c ∈ F . In other words, in
addition to being a vector space over F , L(V) is a ring (noncommutative if
V has dimension 2 or larger) with multiplicative identity, and scalars from F
in ring products can be associated with any factor. A structure of this type
is called an F–algebra with identity. Suppose V has finite dimension n
and B is an ordered basis for V consisting of α1, . . . , αn, in this order. Let
T ∈ L(V) and let Apj ∈ F such that T (αj) =

∑n
p=1Apjαp. From the proof

of Theorem 5,

T =
n∑

p=1

n∑
q=1

ApqE
p,q ,

i.e. the n × n matrix A the jth column of which contains the coordinate
matrix of T (αj) relative to the ordered basis B has as (p, q) entry the coeffi-
cient of Ep,q needed to write T as a linear combination of the n2 elements of
the basis B. Note Example 10. If S ∈ L(V) is another linear transformation
and Bpj ∈ F such that S(αj) =

∑n
p=1Bpjαp, then

S =
n∑

p=1

n∑
q=1

BpqE
p,q .

One verifies that Ep,qEr,s = 0 if r 6= q and Ep,qEq,s = Ep,s. From this it
follows that

TS =
n∑

p=1

n∑
s=1

(AB)psE
p,s .

Thus, if A and B are the n×n matrices with with (p, q) entry the coefficient
of Ep,q when T and S are written as a linear combination in the basis B,
respectively, then, writing TS as a linear combination in the basis B, the
coefficient of Ep,q is the (p, q) entry (AB)pq of the product matrix AB.

Session 33, Monday, November 10. Continue lecture on §3.2 with pre-
view of §3.3. A linear transformation T : V → W is invertible if there
exists a function g : W → V such that g ◦ T = IV , the identity function
on V , and T ◦ g = IW , the identity function on W . It is known that a
function is invertible iff it is bijective, i.e. both one–to–one and onto, and
that the inverse function, g, is unique. For this reason, the inverse g of T
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is denoted by T−1 : W → V . Note that T−1 is invertible (its inverse is T ),
and T−1 is again a linear transformation (Theorem 7). An invertible linear
transformation is called an isomorphism. Given vector spaces V and W
over a field F , one says W is isomorphic to V if there exists an isomor-
phism T : V → W . By Theorem 7, if W is isomorphic to V , then V is
isomorphic to W . Also, since the composition of two linear transformations
is a linear transformation and since the composition of two bijections is a
bijection, the composition of two isomorphisms is an isomorphism. Thus,
being isomorphic is an equivalence relation on the class of all vector spaces
over F .

A linear transformation T : V → W is said to be nonsingular if α ∈ V
and T (α) = 0W imply α = 0V , i.e. if the null space NT = {0V }. A linear
transformation T : V → W is nonsingular iff the function T is one–to–one,
i.e. T (α) = T (α′) implies α = α′. Multiplication by x is a nonsingular
linear operator on the vector space of all polynomials over the real numbers
which is not an isomorphism. This can happen only in the case of infinite
dimension: If V and W have the same finite dimension n and T : V → W
is a linear transformation, then T is nonsingular iff T is one–to–one iff T is
onto iff T is invertible (Theorem 9). This follows from the formula

dimNT + dimRT = n

when dimV = n is finite. The set G of all invertible linear operators on a
vector space V is a group under the operation of composition of functions;
in fact, G is the group of units of the linear F–algebra L(V, V ). If dimV ≥ 2,
then G is noncommutative, i.e. there exist invertible T, T ′ ∈ G such that
TT ′ 6= T ′T . Indeed, if there exists a basis B for V with two or more vectors,
pick α1, α2 ∈ B. There exist linear operators T, T ′ : V → V such that
T (α1) = α1 + α2 and T (α) = α for all α ∈ B with α 6= α1, and T ′(α2) =
α1 + α2 and T (α) = α for all α ∈ B with α 6= α2 (Theorem 1). One verifies
T, T ′ are invertible and TT ′(α1) = α1 + α2 6= 2α1 + α2 = T ′T (α1)

Session 34, Wednesday, November 12. Lecture on §3.3. Every vector
space of finite dimension n over the field F is isomorphic to Fn (Theorem
10). Indeed, if the ordered basis B of V consists of the vectors α1, . . . , αn,
in that order, then the map T : V → Fn×1 defined by T (α) = [α]B for all
α ∈ V is an isomorphism. It should be evident that the vector spaces Fn×1

and Fn are isomorphic. Thus V is isomorphic to Fn (the composition of
two linear transformations is a linear transformation, and the composition
of two functions each of which is one–to–one and onto is again one–to–one
and onto).

Lecture on §3.4: Representation of Linear Transformations by Matrices.
Let V and W be finite dimensional vector spaces over F of dimensions
n and m, respectively, let B be an ordered basis for V consisting of the
vectors α1, . . . , αn, in that order, let B′ be an ordered basis for W consisting
of the vectors β1, . . . , βm, in that order, and let T : V → W be a linear
transformation. Then there exists a unique matrix A = AT ∈ Fm×n such
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that, for all α ∈ V ,

[T (α)]B′ = A · [α]B .

For j = 1, . . . , n, the jth column of A is [T (αj)]B′ ; moreover, defining

f : L(V,W ) → Fm×n

by f(T ) = AT for all T ∈ L(V,W ) is an isomorphism (Theorems 11 and 12).
Given finite dimensional vector spaces V,W,Z over F with bases B,B′,B′′,
respectively, and linear transformations T : V → W and U : W → Z,
the matrix representing the composition map UT : V → Z relative to the
bases B and B′′ is equal to the product matrix BUAT where AT is the
matrix representing T relative to the bases B and B′ and BU is the matrix
representing U relative to the bases B′ and B′′ (Theorem 13).

Session 35, Friday, November 14. Finish §3.4: The special case when
V = W and B = B′. Let V be an n–dimensional vector space over F with
ordered basis B consisting of the vectors α1, . . . , αn. Then, for every linear
transformation T : V → V , there exists a unique matrix A ∈ Fn×n such
that, for every α ∈ V , [T (α)]B = A[α]B. The matrix A is denoted by [T ]B
and said to be the matrix representing T relative to the ordered basis
B. See Example 14. From [HK, page 52, Theorem 7], if B′ is another ordered
basis for V consisting of vectors α′1, . . . , α

′
n, then there exists a unique matrix

P ∈ Fn×n (which is necessarily invertible and contains in its jth column the
coordinate matrix of α′j relative to B: Pj = [α′j ]B) such that, for every
α ∈ V ,

[α]B = P [α]B′ .

Thus, if T ∈ L(V, V ), then, for all α ∈ V ,

P [T (α)]B′ = [T (α)]B = [T ]B[α]B = [T ]BP [α]B′ .

Hence,

[T (α)]B′ = P−1[T ]BP [α]B′

for all α ∈ V . The uniqueness of the matrix representing T relative to the
ordered basis B′ implies that [T ]B′ = P−1[T ]BP (Theorem 14). See Example
16. Given two n×n matrices A over F , B is said to be similar to A if there
exists an invertible n×n matrix P over F such that B = P−1AP . Every A ∈
Fn×n is similar to itself (A = I−1AI), if B is similar to A, then A is similar
to B (B = P−1AP implies A = PBP−1 = (P−1)−1B(P−1)), and if B is
similar to A and C is similar to B, then C is similar to A (B = P−1AP and
C = Q−1BQ imply C = Q−1P−1APQ = (PQ)−1A(PQ)). Thus, similarity
is an equivalence relation on Fn×n.

We shall omit §3.5 and §3.6. The material covered there is used in the
proof of Theorem 3 in §4.2; an alternate proof of this result will be provided.
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4. Chapter 4. Polynomials

Session 36, Monday, November 17. Lecture on §4.1. Let F be a field.
A linear F–algebra (or linear algebra over F ) is a vector space A over
F with an additional operation called multiplication of vectors associating
with every pair α, β ∈ A a vector αβ ∈ A so that the following conditions
are satisfied:

(a) α(βγ) = (αβ)γ for all α, β, γ ∈ A.
(b) α(β + γ) = αβ + αγ and (α+ β)γ = αγ + βγ for all α, β, γ ∈ A.
(c) c(αβ) = (cα)β = α(cβ) for all c ∈ F and all α, β ∈ A.

If there exists an element 1 ∈ A such that 1α = α1 = α for all α ∈ A, then
A is said to be a linear algebra with identity and 1 is said to be the
(multiplicative) identity of A. If αβ = βα for all α, β ∈ A, then A is said
to be a commutative F–algebra.

Examples of F–algebras with identity are L(V, V ) when V is a vector
space over F (L(V, V ) is noncommutative if V has dimension two or larger)
and Fn×n (also noncommutative when n ≥ 2).

The linear algebra of all formal power series over F , denoted F∞,
is defined as follows. Let N denote the set {0, 1, 2, . . . } of all non–negative
integers. Define

F∞ = {f | f : N→ F is a function} .

If f ∈ F∞ and n ≥ 0 is an integer, then f(n) will be denoted by fn. Thus,
each f ∈ F∞ can be thought of as an infinite sequence and is written as
f = (f0, f1, . . . , fn, fn+1, . . . ). By Example 3, page 30, F∞ is a vector space
over F when, for f, g ∈ F∞ and c ∈ F , one defines f + g, cf : N→ F by
(f + g)(n) = f(n) + g(n) and (cf)(n) = cf(n) for all n ∈ N. In sequence
notation this means that, if f = (f0, f1, f2, . . . ) and g = (g0, g1, g2, . . . ),
then f + g = (f0 + g0, f1 + g1, f2 + g2, . . . ) and cf = (cf0, cf1, cf2, . . . ).
Multiplication is defined as follows: given f, g ∈ F∞, fg is the function
with (fg)(n) = (fg)n given by

(fg)n = f0gn + f1gn−1 + · · ·+ fng0 =
n∑

i=0

fign−i

for all integers n ≥ 0. In order to show that multiplication is associative, let
f, g, h ∈ F∞ and n ∈ N. Then

[f(gh)]n =
n∑

i=0

fi(gh)n−i =
n∑

i=0

fi

n−i∑
j=0

gjhn−i−j .

In comparison,

[(fg)h]n =
n∑

i=0

(fg)ihn−i =
n∑

i=0

i∑
j=0

fjgi−jhn−i
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which equals
n∑

i=0

(f0gihn−i + · · ·+ fkgi−khn−i + · · ·+ fig0hn−i) .

Note that for each i = 0, 1, . . . n, fi+1, . . . , fn are not present in the ith term
of this sum. Factoring out the fk, k = 0, . . . , n, one obtains

[(fg)h]n = f0(
n∑

i=0

gihn−i) + · · ·+ fk(
n∑

i=k

gi−khn−i) + · · ·+ fn(
n∑

i=n

gi−nhn−i) ,

so

[(fg)h]n =
n∑

k=0

fk

n∑
i=k

gi−khn−i .

Define j = i − k. Then, as i ranges from k to n, j ranges from 0 to n − k,
and n− i = n− k − j. Thus,

[(fg)h]n =
n∑

k=0

fk

n−k∑
j=0

gjhn−k−j =
n∑

k=0

fk(gh)n−k = [f(gh)]n .

Thus, A = F∞ satisfies condition (a) of the definition of a linear algebra.
Homework problems will ask you to verify conditions (b) and (c). Note that
(fg)n = f0gn + · · ·+ fng0 = g0fn + · · ·+ gnf0 = (gf)n for all f, g ∈ F∞ and
all n ≥ 0, which implies that F∞ is commutative.

Define 1 = (1, 0, 0, . . . ) ∈ F∞, i.e. 1n = δ0n for all n ≥ 0. Then (1f)n =
1 · fn = fn for all n proving 1f = f and F∞ is an algebra with identity 1.

For polynomials, a special symbol is usually set aside, like x or X. The
book chooses x to denote the function (0, 1, 0, 0, . . . ) ∈ F∞, i.e. xn =
δ1n for all n ≥ 0. Define x0 = 1, the identity of F∞, define x1 = x,
and x2 = x · x, etc. We proved by induction on n that for all n ≥ 0,
(xn)k = δnk. Define F [x] to be the subspace of F∞ spanned by the set
{1 = x0, x, x2, . . . , xn, xn+1, . . . } of all powers of x. The elements of F [x]
are said to be polynomials over F .

Session 37, Wednesday, November 19. Lecture on §4.2. Let A be a
linear F–algebra with identity 1A. For each α ∈ A, define α0 = 1A, α1 = α,
and αk = α·. . .·α, the product of k copies of α, when k is a positive integer.
Let α ∈ A, let m,n be non–negative integers, and let ci, dj ∈ F . The left
and right distributive laws (i.e. condition (b) in the definition of a linear
algebra, page 117) imply that

(
m∑

i=0

ciα
i)(

n∑
j=0

djα
j) =

m∑
i=0

n∑
j=0

(ciαi)(djα
j) .

By condition (c) of the definition on page 117, this equals
m∑

i=0

n∑
j=0

cidjα
iαj =

m∑
i=0

n∑
j=0

cidjα
i+j =

m+n∑
t=0

(
∑

i+j=t

cidj)αt .
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If we define ci = 0 for i = m+1, . . . ,m+n and dj = 0 for j = n+1, . . . ,m+n,
then the latter sum can be re–written and we have the following equality

(
m∑

i=0

ciα
i)(

n∑
j=0

djα
j) =

m+n∑
t=0

(
t∑

i=0

cidt−i)αt .

Let f ∈ F [x]. By definition of F [x], there exist an integer n ≥ 0 and
scalars c0, . . . , cn ∈ F such that f = c0x

0 + c1x
1 + · · ·+ cnx

n. Since each xi

is the sequence with 1F in coordinate i and zeros elsewhere,

f =
n∑

i=0

cix
i = (c0, c1, . . . , cn, 0, 0, . . . ) ,

i.e. fi = f(i) = ci for i = 0, . . . , n and fi = f(i) = 0 for i > n. It follows that
the set S = {1 = x0, x, x2, . . . } of all powers of x is linearly independent.
Also, every f ∈ F [x] has the property that the sequence (f0, f1, . . . ) contains
a nonzero entry in at most finitely many coordinates.

Given f ∈ F [x], if f 6= 0 then the degree of f , denoted deg f , is n if
fn 6= 0 and fi = 0 for all i > n. A scalar polynomial is a polynomial
of the form cx0. The zero polynomial has no degree defined. The nonzero
scalar polynomials are exactly the polynomials of degree zero. A polynomial
f of degree n is monic if fn = 1. If f, g ∈ F [x] are nonzero, then (i)
fg 6= 0, (ii) deg(fg) = deg f + deg g, (iii) f and g monic implies fg monic,
(iv) fg is scalar iff both f and g are scalar, and (v) if f + g 6= 0, then
deg(f + g) ≤ max(deg f,deg g) (Theorem 1, page 120). The set F [x] of all
polynomials over the field F is a commutative linear F–algebra with identity,
1F [x] = 1Fx

0 the monic scalar polynomial (Corollary 1).
Session 38, Friday, November 21. Continue Lecture on §4.2. Let A be

a linear algebra over F with identity and let f ∈ F . If f =
∑n

i=0 fix
i and

α ∈ A, define

f(α) =
n∑

i=0

fiα
i .

Then, for all f, g ∈ F [x], all c ∈ F , and all α ∈ A, (i) (cf + g)(α) =
cf(α) + g(α); and (ii) (fg)(α) = f(α)g(α) (Theorem 2). This theorem can
be interpreted as follows. Fix α ∈ A, and define a function Eα : F [x] → A
by Eα(f) = f(α) for all f ∈ F [x]. (The function Eα is said to be the
evaluation map at α.) Then Eα is a linear transformation. Morover,
Eα preserves multiplication in the sense that Eα(fg) = Eα(f)Eα(g) for all
f, g ∈ F [x]. Such a function between F–algebras is said to be an algebra
homomorphism.

Session 39, Monday, November 24. Lecture on §4.4. Given polynomials
f and d over the field F with d 6= 0, there exist unique polynomials q, r ∈
F [x] such that (i) f = qd+r, and (ii) either r = 0 or deg r < deg d (Theorem
4). In class, we omitted the proof that q and r are unique. Here it is: if
f = q1d+ r1 = q2d+ r2 with qi, ri ∈ F [x] and ri = 0 or of degree less than
deg d for i = 1, 2, then (q1 − q2)d = r2 − r1. If r2 − r1 6= 0, then q1 − q2 6= 0,
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and deg(q1 − q2)d ≥ deg d [HK, page 120, Theorem 1(ii)]. But r2 − r1 6= 0
implies deg(r2 − r1) < d [HK, page 120, Theorem 1(v)], a contradiction.
Thus, r1 = r2 and [HK, page 121, Corollary 2] implies q1 = q2.

A polynomial d ∈ F [x] is said to divide the polynomial f over F if there
exists a polynomial q ∈ F [x] such that f = qd. Note that a field F is a
commutative linear algebra over F with identity 1 = 1F . Thus, for every
c ∈ F and every f ∈ F [x], f(c) is defined; if f(c) = 0, then c is said to
be a root of f . Given a polynomial f over F and a scalar c ∈ F , c is a
root of f iff the polynomial x− c ∈ F [x] divides f (Corollary 1). A nonzero
polynomial f ∈ F [x] of degree n has at most n roots in F (Corollary 2).

Session 40, Monday, December 1. On request, Exerces 4, 6, and 7 on
page 123 were worked.

Lecture on §4.3, page 125f. By [HK, page 30, Example 3], the set FF of
all functions φ : F → F from F to F is a vector space over F under the
operations of pointwise addition and scalar multiplication. Define, for all
φ, ψ ∈ FF , φψ : F → F by (φψ)(α) = φ(α)ψ(α) for all α ∈ F (note that
φψ is the pointwise multiplication and not the composition of functions!)
and verify that FF is a commutative linear algebra over F with identity
as defined on page 117; the identity is the constant function 1 : F → F
defined by 1(α) = 1F for all α ∈ F . A function φ : F → F is said to
be a polynomial function on F if there exists a polynomial f ∈ F [x]
such that φ(α) = f(α) for all α ∈ F . If φ(α) = f(α) for all α ∈ F , then
the text writes φ = f∼. Given f, g ∈ F [x] and a scalar c ∈ F , then by
Theorem 2, ((cf + g)∼)(α) = (cf + g)(α) = cf(α) + g(α) = (cf∼ + g∼)(α)
and ((fg)∼)(α) = (fg)(α) = f(α)g(α) = f∼(α)g∼(α) = (f∼g∼)(α) for all
α ∈ F . Thus, (cf+g)∼ = cf∼+g∼ and (fg)∼ = f∼g∼. It follows that the set
P of all polynomial functions on F is a subspace of FF which is closed under
the multiplication defined on FF and, hence, is a linear algebra over F on its
own right. It also follows that the association f 7→ f∼, f ∈ F [x], is a linear
transformations from F [x] to the space P of all polynomial functions on F
and that this association preserves products. If the field F contains infinitely
many elements, then the association f 7→ f∼, f ∈ F [x], is an isomorphism
from the algebra F [x] of all polynomials over F to the algebra of polynomial
functions on F according to the definition on page 125 (Theorem 3, page
126). Indeed, the only item missing in what has been proved so far is to
show that the linear transformation f 7→ f∼, f ∈ F [x], is one–to–one which
is equivalent to its nullspace being {0F [x]}. Let p ∈ F [x] such that p∼ = 0.
Then p∼(α) = p(α) = 0 for every α ∈ F . Thus, when F is infinite, p
has infinitely many roots. The only polynomial over F with infinitely many
roots is the zero polynomial [HK, page 129, Corollary 2]. Thus p = 0 proving
f 7→ f∼, f ∈ F [x], is nonsingular and, hence, one–to–one.

If F is a field containing only n elements for some (finite) integer n, then
F [x] and the algebra of polynomial functions on F can never be isomorphic
since F [x] is always infinite and there are only finitely many (namely nn )
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functions from F to F . Example: for the two–element field F of Exercise
5 on page 5 and p = x + x2 ∈ F [x], one has p(α) = 0 for all α ∈ F . Thus
p∼ = 0∼ = 0 is the zero function on F proving the association f 7→ f∼ is
not one–to–one and hence not an isormorphism.

Session 41, Wednesday, December 3. Review for Test 3. On request,
Exercises 7 (§3.4, page 95), 5 (§4.3, page 127), and Extra Problem 5 were
worked on the board. In studying for Test 3 and also for the Final, you are
encouraged to re–work Tests 1, 2, and 3 and make sure your solutions are
correct (see the solutions on the WEB). Also, the theoretical aspects in the
text and in class should be reviewed. For example: (i) If V is spanned by a
finite set of m vectors in V , then any set of m + 1 or more vectors in V is
linearly dependent. (ii) If S is a linearly independent set of vectors in V and
the span of S is not V , then for any vector α ∈ V which does not belong to
the span of S the set S∪{α} is linearly independent. Using these facts from
Chapter 2, you should be able to prove that (1) Every vector space V which
has a finite spanning set has a finite basis, i.e. V is finite dimensional. In fact,
if V is spanned by m vectors, every basis of V contains at most m vectors.
(2) Any two bases of a finite dimensional vector space contain the same
(finite) number of elements (this justifies the definition of dimension) (3) If
V has finite dimension n, then a) every linearly independent set of vectors
in V contains at most n vectors; b) every spanning set contains at least n
vectors; any linearly independent set of n vectors in V is a basis; and d)
every set of n vectors in V that span V is a basis (if the n vectors spanning
V were not linearly independent, one could be omitted and V would be
spanned by n− 1 vectors resulting in dimV < n – a contradiction).

Session 42, Friday, December 5. Test 3. Topics: Chapter 3, Section
3.1 through 3.4 only; Chapter 4, Sections 4.1, 4.2, 4.4 through Corollary 2
only, and 4.3, pages 125, 126 only: definition of an algebra isomorphism and
Theorem 3.

The End


