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Uniform Convergence: Main results

We emphasize series.

THEOREM
Let I C R and suppose (u,) is a sequence of continuous functions defined on 7. If
u=y°, Uy, is uniformly convergent on I, then u € C°(I).

The proof is obtained by looking at the partial sums and applying the result for se-
quences.

THEOREM
Let I C R be an interval and suppose (u,) is a sequence of continuous functions

defined on I. If u =Y u, is uniformly convergent on I and a € I, then

/:u(t) dt = g/jun(t) dt, (z € 1I).

THEOREM
Let I C R be an open interval and suppose (u,) is a sequence of C! functions defined
onl. If >  u, is pointwise convergent at one point of I and if >~ !, is uniformly

convergent on I, then u =Y 7 ju, defines a C'-function on I and

() =Y ul(z), (x€1).

M-test
Let I C R be an interval and suppose (u,) is a sequence of continuous functions
defined on I. If there exists a sequence (M,,) such that
(1) |up(x)| < My, z €1, n>0.
(2) 200y M, < oo.
then Y >° , u, is uniformly convergent on /.

Consider the power series >~ a,z". Suppose that the series has radius of con-
vergence R. (Recall that if the radius of convergence is R, then the series converges
if |#| < R and diverges if |z| > R.)

The key estimate is on the coefficients of a power series. If the radius of convergence
if R > 0 and we choose s € (0, R), then there exists M = M (s) > 0 such that for all
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n >0,

(Since s < R, Y a,s™ < 0o. A necessary condition for convergence of > a,s" is that
a,s™ — 0. It follows that (]a,s"|) is bounded, say by M. Therefore |a,s"| < M, all
n >0.)

Consequences:
(1) If -7y ana™ has radius of convergence R, then for all 0 <r < R, >~  a,z"

is uniformly convergent on [—r,+r]. It follows that w(z) = ) °;a,z" is
continuous on (—R, R).

(2) If =7 a,z™ has radius of convergence R, then the radius of convergence of

Yoo anf:—J: and of Y7  na,z" ! are both equal to R.

(3) A consequence of (1,2) is that if u(x) = > 7 a,z™ has radius of convergence
R, then u is a C* function on (—R, R) and the derivatives of u are obtained

by term-by-term differentiation.

We indicate the proof of the second part of (2). Let r € (0, R) and set s = £~ >
r < R. There exists M = M (s) such that

M
la,| < il > 0.

Hence |na,| < ’l—{‘f, n > 1. Now for z € [—r,r| we have
M n
Ina,x™| < D — M (f) .

sn S

Since £ < 1, > 7 nM (g)n < oo (for example, by the ratio test) and so, by the M-
test, Y2, na,z™ ' is uniformly convergent on [—r, 7]. Since this is true forall 0 < r <
R, >~  na,z™ ! has radius of convergence at least R. If the radius of convergence
is greater than R, we work backwards to deduce that the radius of convergence of
> ganx™ is greater than R. Contradiction.



