Riemannian Geometry
The Bochner- Weitzenbock formula

If we need to verify some tensor identity (or inequality) on Riemannina
manifolds, we only need to choose, at every point, a suitable local coordinate,
and verify the identity (or inequality) at the given point. In this handout, we
will discuss how to make the choice of the local coordinate and prove (or re-
prove) some useful formulas for the differential operators on the Riemannina
manifolds M.

1 Normal (geodesic) coordinates

We first prove the following statement about the exitence of the normal
coordinates: For each point p € M, there exists the normal coordinate
(U, z',...,2™) at p, i.e. we have x'(p) = 0, g;;(p) = 6;; and I'};(p) = 0 for
1<4,5,k<m.

Proof: According the theorem about existence of the solution for (system)
ODES, for every point P € M and v € Tp(M ), there exists a unique geodesics
C(t, P,v) (or we just write C\(t)) such that C(0) = P, C,(0) = v. Before
we continue, we make the following very important remark: we always have

Cw(t) = Cy(At), becuase if we set a(u) = Cy(Au), then

da )\dC’V o B )\QdQCV

duv ©dt T du? T A2
Thus, since Cy is a geodesic, a is also a geodesic and stasfies that a(0) =
P,a/(0) = Av, so by the uniquness, Cy (At) = C)y(t). This proves the remark.

The exponential mapping expp(v): Tp(M) — M is defined by v — Cy(1).
Then, we can prove that there exists € > 0 such that expp: B(Op,€) C
Tp(M) — M is a diffeomorphism onto its image. Let U = expp(B(Op,€)).

Take an orthonormal basis {ey, ..., e, } for Tp(M), this determines an asso-
ciated coordinate (z', ..., 2™). We verify that the coordinates (U, z!, ... ™)
is a normal coordinate for P. First, we claim that
0
oxt [P = e



In fact, let ¢ = (x!,...,2™), and take any function f around P, we have
(only veify for i = 1)

of 9f 0!
P = T I
= 10, 0o = L f 0 Cra (Do = L f 0 oy (1)1 = 1(f)
= dt s Ugoony tzo—dt te; t:o—dt el t=0 — €1 .
So
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This 1mplles that Gij (p) = (513

Next, we show that I'};(p) = 0 for 1 <4, 5,k < m. Let ¢ = Cy(1) € U and
let C*(t) be the coordinate components of Cy (t). Write ¢(q) = (£*,...,&™).
Then, since C (t) = Cy (1), we have that C*(t) = t£'. Since C,(t) is geodesic,
the geodesic equation implies that

L5 (Cu(1)8'e = 0.

Let t — 0, we get
k Qi
i (Cv(0))€7¢ = 0.
Because ¢ are arbitray, and I'}; = I'};, this implies that I'j;(p) = 0. So the
statement is proved.

2 Reproof of some formulas for Differential
operators

In this notes, we always assume that M is a Riemannian manifold with the
Levi-Civita connection v/, and XY, ... are smooth vecor fields.

e A basis formula for d. Let (M,g) be a Riemannian manifold with
the Levi-Civita connection 57. Let {e;} be a local frame field on M (i.e.
a basis for I'(U, TM)) and {w’} be its dual, i.e. w’(e;) = 67. Then, for
every smooth differential r-form 6,

6 =" W' A7.,0. (1)



Proof: First notice that it is independent of the choice of coordinates.
So we choose normal coordinates z*, i.e. we have z'(p) = 0, g;;(p) = 0y,
and I'};(p) = 0 for 1 < 4,5,k < m. Let {e;} is a local orthonormal
frame field on M with e;(p) = a%ilp, and let {w’} be the dual to {e;}.
We claim that

(Vew)(p) = 0.

In fact, since §;; = w'(ex) = (ex, w?), we have
d(S]k =0= (Vekvw]) + (eka ij)7

ie. yw(ey) = w/(er), hence
Veiwj = Z ng’wk
k=1

Thus we get, using I, (p) = 0,

(Vew)(p) = 0.

Therefore the claim holds.

Now, since $/gp,:dz? = 0, we have, for = fdz™ A--- A da'r,

Zu)i/\veﬂ:ngdxi/\alxil A ANda't = db.

The divergence operator. A (1,1)-tensor T can be viewed as an
endomorphism 7" : V' — V' and the trace of T' is called the contraction
of T, denoted by trace(T) or C{(T). Let X € I'(TM). Then X is a
smooth (1, 1)-tensor field on M. Take a contraction of 77X, we get a
smooth function on M. It is called the divergenece of X, i.e. div(X) =
Ci(yX). The map div : T(TM) — C>(M) given by X ~ div(X) is
called the divergence operator. In temrs of local coordinate (U; x"),

where G = det(gi;), 9i;; = 9(0/0x",0/0x7), X" = daz'(X).
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Solution: Choose normal coordinates x* at p € M and write

0
Xlgp = X"—.
v oxt

Then, at point p,

" RN
T2 Vo) =3 5T

where on the other hand, at point p,

div(X) =tr{Y — vy X} = ZV%X = Z Ot
i=1 v i=1

So the formula holds.

The gradient of f Let f € C°(M), define a tangent vector field
grad(f) on M, by

g(grad(f), X) = df (X) = X(f),

for every smooth tangent vector field X. The tangent vector field
grad(f) is called the gradient of f. In local coordinate (U; "),

af\ o
E: WL
grad(f ( 8x1> oxd’

=1

where G = det(gi;), gi;; = 9(0/0x",0/0x7), (¢"7) = (g:;) "

Beltrami-Laplace operator Let f € C*(M), define A f = div(grad(f)).
It is called the Laplace operator. In local coordinate (U;z"),

1 &9 (o _Of
= — - 1y _—J
VG & o (; VG axa') ’
where G = det(gij)> gij = g<8/axlv 8/6{13]), (ng) = (gij)_l-

Interior product For any vector field X, ¢(X) sends r-form to r — 1
defined by, for every r-form w and vector fields Y7,...,Y, 1,

((X)w)(Yi,.... Y1) =w(X, Y1, ..., Y, ).



e Let n be its volume form of M. For every smooth tangent vector field
X,
d((X)n) = div(X)n,

where ¢(X) is the interior product.

Proof: By definition, n = vGdz' A --- A dz™, we claim (X)) = w

where
m

w = Z(—l)Hl\/aXidxl Ao ANdai A A da™.

i=1
We now prove it. Indep. of the choice of coordinates. Choose normal

coordinates x'. Then, at the point p, n = dz' A --- Adax™ and X =
L1 X7ej, hence

ve)(w A Aw™) = (=17 A Wl A Aw™,
This proves the claim. The rest of proof follows easily.

e Divergence theorem: Let (M, g) be a compact oriented Riemannian
manifold, then, for every smooth tangent vector field X,

/(divX)n =0,
where 1 1s the volume form.

e The expression of the co-differential operator §: Let {e;} be
a local frame field on M compatible with the orientation of M. Let
gij = g(eive;), and (g7) = (gi;)~'. Then the codifferential operator &
can be written as

m

da == g7(Veq), forevery a€ A (M).

ij=1

If {e;} is orthonormal, then we can write

0=— Z L(ej)vejv (2>

=1
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where i(X) is the interior product operator, i.e. for every o € A"(M),
and for every tangent vector fields Xy, ..., X, 1.
606(X1,...,X7«,1> = —Zb(ej)<vej05)(X1,...,XTfl)

j:
= - Z(veja)(ej7X17 v aXr—l)-

1=

—_

—_

Proof: For p € M, choose the normal coordinate (U, z',... z™) at
p. Let {e;} is a local orthonormal frame field on M with ¢;(p) = 52-|,,

and let {w’} be the dual to {e;}. Then

(Ve’)(p) = 0.
To prove

5(a) = - i (e)(Te,00). 3)

We need only to verify it at each point p € M. Since the operator is
linear, without loss of generality, we assume that

a=fw' A AW
Hence

Ve, = Ve, (W' A AW+ [ e, (WA= Aw")
= ej(f>w1/\"'/\wr+fvej(Wl/\"'/\wr).

Using (Ve,w’)(p) = 0, (only) at the point p, we have
Ve, & = e;(flw' A Aw'.
Hence, at the point p, we have
(E)(Tey0) = &5 (Ue) (@ A+ Awr)),

Because



we have
Ue)(Tey@) = (~1) e (Pt Aves AGT Ao AT

This tells us, at the point p, that

e (Ve,e) = = D (=17 e (Hwt A AT A AW (4)

m

J

We now calculate the left-hand side. By defintion, § = (—1)"" D+ xdx,
We have,

5(@) _ (_1>n(r+1)+1 % d * (a) _ (_1)n(r+1)+1 % d * (fwl N /\w’")
_ (_1>n(r+l)+1 % d(ferrl NN wm)
= (—1)nrHDFL O e ()’ Aw™t A Aw™)

J

Note that
$ (W AWTIA AWM = (_1)(T—1)(n—r—1)+(r—j)w1 A AN AW,
hence

éa) = Z(_1)n(r+1)+1(_1)(r—1)(n—r—1)+(r—j)€j(f)wl Ao AP AN A"
J
= > (=ej(flut A AT A AW
J
Comparing the above identity with (4), we conclude that (2) holds at
every point p. Hence the theroem holds.

The operator § can be viewed as a generalization of the di-
vergenece: In fact, let X be a vector field, then d(ayx) = —div(X),
where ax is the 1-form defined by ax(Y) = ¢g(X,Y") for every smooth
tangent vector field Y.

Proof. Again, they are indep. of the choice of coordinates. Choose nor-
mal coordinates z*. Then, at point p. Let {e;} is a local orthonormal
frame field on M with ;(p) = 2 |,, and let {w’} be the dual to {e;}.
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Let X = X'¢j, then ax = Y Xw, div(X) = —> e;(X?). On the

other hand,
oax) == Ve lax)(e).
At point p,
Ve, (ax) = Zei(Xj)Wj + ZXj Ve, w' = Z ei( X7 ).

Hence v/, (ax)(e;) = €;(X*). This proves the theorem.

3 Bochner-Weitzenbock Formulas

The Bochner-Weitzenbock Formulas, sometimes refered to as the Bochner
technique, is one of the most important technique in the theory of geometric
analysis.

We want to express the Hodge-Laplace operator A in terms of the Levi-
Civita connection /.

We first consider the function case. For functions, i.e. 0O-form f, by
defintion, g(grad(f),Y) =Y (f) and df (Y) = Y(f), s0 agraq(s) = df . Hence,
from above, 0(df) = —div(grad(f)). Therefore,

Af =6d(f) = —div(grad(f)) = —tr 7* f,
where, tr/? := 37| Ve, Ve, for an orthonormal basis {e;}.

In general, let {e;} be a local frame for a Riemannian manifold (M, g),
define
try® : A"(M) — A" (M)
as B
tr<7* (o) = g7(Ve, Ve, _VVeiej)O‘7
for every av € A"(M).

For 1-form «, we have

Aa(X) = —tr 7* a(X) + r(a®, X),



where r is the Ricci tensor of (M, g), and o is the vector field defined by
9(a™,Y) = a(Y).

Proof. The right hand side is independent of the choice of our orthonormal
frame field. Therefore, we only need to verify it at every point p € M. To
do so, we choose normal coordinates centered at p and put at p,

B 0
- oxt

€;
Let w’ be its dual frame. Then, always at p,

Ve €5 = 0.

This also gives, at p, 4
Veiwj = 0.

Using (1) and (2), we then have at p,
(6da)(X) = (5(w! A Veja))(X)
= (Ve (W Avea))(e, X)
= —(W AV Ve, a)(e, X)
= — Ve Veia(X) + Xj Ve veja(ei)'

(doa)(X) = (& Ve, (60))(X)
= X’ v, (da)
= X’ Ve; Veia(ei)'

Hence,
Aa(X) = —tr°a(X)+ X7, Ve, ale) =XV, Vea) (€) = X R(e;, e)ae;),
where where X = X*e, and

R(es, e5)a = (Ve; Ve, = Ve; Ve,)ov.

We now claim that .
X’'R(e;,ej)a(e;) = T(a#,X).
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In fact, write a = aw", then a# = agey, and
b ) )

XIR(es,ej)ale) = XlapR(e;,e;)wt(e)
= —Xa,R(ej, e;)w"(e;)
= —Xjakkajiwm(ei)
= _XjakRkiji
= —r(a®, X).

This proves the statement.

We now derive the formula for a general r-form. For the purpose, we
define the second covariant derivative as

V%w =Vx Vy — VyxY -

Weitzenbock’s formula. Let eq,... e, be a local orthonormal frame
field, with the dual frame field W', ... ,w™. Then the Hodge-Laplace operator
A acting on r-differential forms is given by

A== 2. — > W Aue)R(eie))
=1 @]

Proof. The right hand side is independent of the choice of our orthonormal
frame field. Therefore, we only need to verify it at every point p € M. To
do so, we choose normal coordinates centered at p and put at p,

e; = 0
O
Then, always at p,
Veiej =0.
Hence,
Vieb = veivew
and also
0 0
Ox'’ Oxd

10



Therefore
R(ei, ;) = Ve, Ve; — Ve; Ve;-
Using (1) and (2), we then have at p,

od = —u(ej) Ve (W' A Ve,)
= —uUe)) (W AV Ve
= - Vej Vej +w' A L(ej) Vej Ve

To calcluale dd, we note that, since T/.,w’ = 0,
U(ej)Ve; = Veit(€5)-

Hence,

ddo = _wi A Vei(b@j)Vej)
= —Ww'A L(ej) Ve; Vej'

So
A=do+d6d=-> i, —> w Nile)R(es,e5).
i=1 irj

This proves the statement.

Remak: On functions, i.e. O-form f, we have
R(@i, e]-)f = fR(ei, €j)1 =0.

Hence, we have, for a local orthonormal frame field,

Af = - Z vgieif'
=1

Theorem. For any smooth differential form n (r-forms),
AP =2l v +2< 3 vinn >,

where

|7 nl* =31 Ve nl”
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Remark: Consider the Eucliean case R? and 7 = f. Then

_A’f’Z:2fxfx+2fyfy+2fm:f+2fyyf:2‘Vf’2+2<fxz+fyy7f>'

The theorem is motivated by it, and can be derived by direct computation.
We only verify it for 1—form 7. We only need to verify it at every point
p € M. Let {eq,...,en} bealocal orthonormal frame fields and {wy, ..., wy,}
be the cofarme fields. Write

n= Z miw',
then, at point p, using the formula of A for smooth functions,
—; Al =32 < Ve Ve 0 >+ 3| e, nl”
This finishes the proof.

Combining the both, we get

Bochner’s formula. Let eq,...,¢e,, be a local orthonormal frame field,
with the dual frame field W', ---,w™. Let n be a r-form on M. Then

1 7
2 AP =< Ann > =7 nl’+ < w' Auej)R(e;, e5)n,m > .

Proof. Choose normal coordinate. From above,
; A==l =3 <Veenn>.
And from the Weitzenbock’s formula,
A= =372 = Y Ailes) Rlew o))
i= i,

Hcece,

- f:l vgiein = A(’I]) + Zwi N L(ej)R(eiv ej)(n)'

0]
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Shustituting it into above, we get

1 i
5 A=< Ann>—| v+ <w' A t(ej)R(ei, e;)n,m > .

For any smooth one-form, we get

Corollary Let eq,..., e, be a local orthonormal frame field, with the dual
frame field wt,--- w™. Let n be a smooth one-form, then

1
5 In|* =< &n,n > =7 n|* = r(n,n),

where | 7 n|* =3, < Ve, Ve, >, and writing n =Y fiw’,
r(n,n) =Y _r(fiei, fiej) = fifir(ei,e;).

%] %,J

Proof. We only need to compute, for 1-form 7,

<n,w Aulej)R(ei,e)n > = < fid, w Aulej)R(e;, ;) frw® >
—fifi < Wt Auey)R(es, e)wk >
—fify < W W' A t(e;) Rimijw™ >
= —fifk < W17Rkjijwi >
— fifeRijij
—[ifkRi
= —r(n,n).

Theorem(Bochner) Let M be a compact Riemannian manifold. If M has
positive Ricci curvautre, then M has no nontrivial harmonic 1-form, thus,

Hap(M,R) = {0}.

Proof. We integrate the formula above, and using the divergence theorem,

0=—[ Blwin=2[ (vl +rw)n

By the assuption, the integrand on the right hand side is pointwise non-
negative. It therefore has to vanish identically. Hence r(w,w) = 0, which
implies that w = 0 since the Ricci curvautre on M is positive. This proves
the statement.
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4 Proof of Garding’s inequality

Theorem Garding’s inequality: There exist constant c1,co > 0, such that
for every f € N*(M), we have

(Aff) = el £l = el £

Proof. For every f € N\*(M), from Bochner’s formula,

<Af, f> = ;A‘f|2+|Vf’2_<wi/\b(€j)R(ei,€j)f,f>

1
> S AP+ I - alff

where a; is a constant independent of f. Note that the last inequality

holds because < w' A u(e;)R(e;,e;)f, f > does not depend on the deriva-
tive(differential) of f (Note: although R(e;, e;) depends on the derivative(differential),
but since R(e;,e;)(af) = aR(ei,e;)f for every a € C™(M), so < w' A
t(ej)R(ei e;) f, f > is a quadratic form on A"(M), its corfficients only de-

pend on M, and since M is compact, such constant a; exists). Taking the
integration on M and by definition, we get

(AL Z el fE el fI+ [ Al

But by Stokes theorem,
/ AlfPn = 0.
M
This proves the Garding’s inequality.
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