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1 Differential operators

In this notes, we always assume that M is a compact oriented Riemannian
manifold with the Levi-Civita connection v/, and X, Y ... are smooth vector
fields.

e (p,q)-tensor is a smooth section of the bundle TPM = (RPTM) ®
(QIT*M).

e Contractions ¢y : TPM — Tf:ll defined by
Cij(T1 @7, QY ®Yy) = yj(T)T1 @ 5 ® - RT, QY ® - VY Dy,

e The interior product ix of a vector field X with a covariant tensor of
type (0, p) is the tensor ¢;1(X ® S) (of the type (0,p — 1)), defined as

(ix(S))m(z1, . 2p1) = S(X(m), 21, ..., Tp1).

e Extension of the covariant derivative: Let X be a vector field on X.
The endomorphsim Dy of of T'(T'M) has a unique extension of the
endomorphism of the space of tensors, still denoted by Dx which is
type-preserving and satisfies the following
(1) For any S € I'(T?) (p > 0,¢q > 0 and any contraction ¢, Dx(c(S5)) =
C(DXs>
(2) For any tensors S and T,

Dx(S®T)=DxS®T+S®DxT.

If for example S € F(T(?M ), the X; are vector fields on M, then

q
(DXS)(Xl, oo ,Xq) - X(S(Xl, o 7Xq))_ZS(X17 o >Xi—1aDXXi7 oo ,Xq).

i=1
The readers should aware that, in general,

e Hessian: If f € C*°(M), then the (0, 2)-tensor Ddf is symmetric. The
tensor Ddf is called the Hessian of f.



e Musical isomorphism: w(Y) = ¢g(X,Y’) gives the map between X and
w. Flat b: the map X — w, # is the inverse map.

e div(X) := —tr(DX) and da = —trDa (the co-differential of ) where
DX is the endormorphism v — D, X and the D« is a covariant two-
tensor, where the trace is computed with respect to the Riemannnian
metric. Using the "musical isomorphism”, these two notations can be
viewed as equivalent. More general, for any (0, ¢)-tensor, we define
the div(T) as a (0,q — 1) type tensor as 0T = —trioDT where the
notation 15 just means that the trace is taken with respect to the first
two variables. It is easy to check

S(fT) = foT —igT.

e The Laplacian of f is the function Af gievn by
ANf =divyy f=ddf.
The Euclidean Laplacian on R"™ is given by
n 82

p=-Y 2

i=1

e Bochner’s formula: For any smooth functions on (M, g), we have
1 .
9(A(df), df) = |Df* + 5 A (JdfPl) + Rie(v f, 7).

e The divergence operator. Let X € I'(T'M). Define
div(X) =tr{Y — vy X}.

div(X) is a smooth function M. It is called the divergence of X. The
map div : I'(TM) — C*°(M) given by X — div(X) is called the
divergence operator. In terms of local coordinate (U;z'), write

o,
X :Xli,
o Oxt’



then

div(X Z (\/_X’)
where G = det(g;;), gi; = 9(9/0x",0/027).

Proof. Let (U,z") be a local coordinate, and write

)
Xlg=X"—.
v ox?
Then ax 5
k1 j
vE S (a o F’”) s
Hence

div(X) = Z (%XZ +X’“F}m> :

So we see that the div operator is a differential operator of first
order acting on X.



By the formula,

1,09, 109G 1 0/G

Fk¢:29 Dk _%awk:\/aaxk'

Thus
div(X) =

oxX* Xk ova 1 0 , —_.
N = — XZ .
ox’ + VG Ok VG 01! ( G )

The gradient of f. Let f € C°°(M), define a tangent vector field
grad(f) € D(T'M), by

g (grad(f), X) = df (X) = X (),

for every smooth tangent vector field X. The tangent vector field
grad(f) is called the gradient of f. In terms of local coordinate (U;z?),

d == 1]7. P

grad(f) ;(;9 8x7’> Or’

where g;; = g(0/02",0/027), (¢") = (g;;)"*. Again, the “grad opera-
tor” grad : C*(M) — I'(T'M) defined by f — grad(f) is a differen-
tial operator of first order acting on f.

Beltrami-Laplace operator. Let f € C*°(M), define A f = div(grad(f)).
It is called the Beltrami-Laplace operator. The operator Af = div o
grad : C*(M) — C*(M) is a very important differential operator.

In local coordinate (U;z?),

where G = det(gi;), gi;; = 9(0/0x",0/0x7), (¢7) = (g:;) "
Volume form, interior product. In a local coordinate (U;x%), let

772\/5(13:1/\---/\0[3:’”.



71 in fact is a global m-form, called the volume form of M. Fix a smooth
tangent vector field X, the interior product i(X) is defined by, for every
tangent vector fields Xi,..., X,,_1,

GO (X1 Xt) = (X, Xy ooy X,
Then we have, for every smooth tangent vector field X,

A(i(X)n) = div(X)n.

Proof By definition, n = v/Gdaz' A --- A dz™. Hence, from the forum
la above,

div(X)n = E)axl (\/@Xz) dzt A - A dx™
= S d(-1)TVEX) Adxt A AR A A da™
=1

Write

w=S(~1)"FWGEX Az A NdFA - A da™
i=1
It is easy to verify that w is independent of the choice of coordinates.
So w is a globally defined (m — 1)-form on M. The above identity gives

div(X)n = dw.
It is easy to verify that w = i(X)n by definition.

The divergence theorem. Use the above identity that div(X)n =
dw. and Stokes theorem, we get the divergence theorem: Let (M, g)
be a compact oriented Riemannian manifold, then, for every smooth
tangent vector field X,

/ (divX )y = 0,

where 1 1s the volume form.



e Global inner product for differential forms We first define the
inner product for differential forms. Let ¢,v are two r-forms. Let
(U, ") be a local coordinate. We write

1 , .
¢|U = ﬁ¢i1"‘ird$11 VANEREIVAY dZL’ZT,

1 : .
¢|U = ﬁwjr“jrdx]l A ANdam.

We define, the inner product < , > of ¢,¢ as

< @, >= g¢ Vg, = Y OV

11 < <ip

where ¢"tir = ghit. .. girirg, Tt is important to note that the def-
inition is independent of the choice of local coordinates. We also have
< ¢, >>0and < ¢,¢ >= 0 if and only if ¢ = 0.

We now define the global inner product of ¢, as

(6v)= [ <ov>mn,

where 7 is the volume form of M.

e The exterior differential operator d and its co-operator Denote
by A"(M) the set of smooth r-forms on M. Let (, ) be the (global)
inner product defined above. As the formal adjoint operator of the ex-
terior differential operator d, the codifferential operator 6 : A" (M) —
A"(M) is defined by, for every ¢ € A"(M),v € A" (M),

(d¢, ) = (¢, 0%).

e Hodge-star operator. In order to find the expression of the codif-
ferential operator §, we introduce the Hodge-star operator *, which is
an isomorphism x : A"(M) — A™"(M) defined by, for every ¢,n €
A" (M),

¢ N () =< @, > 1.



Let w be a r-form. Let (U, z") be a local coordinate. We write

1 . .
wly = — > ay.q dzt A Adzt
r 015y iy
Then
I G 5177’1 Zl'hd ir+1 d im
*W—ﬁil_,,ima T N ANax™,
ri(m —r)!
where

ail‘“ir — giljl e g'L'I‘]Ta] s

1 Jr
and 51-11'[@” is the Levi-Civita permutation symbol, i.e. 5312,'_',;2 = 1if
(41 - - - i) is an even permutation of (12...m), §;277" = —1if (i1 - - - im)
is an odd permutation of (12...m), 6;%7" = 0 otherwise. It can be

shown that *w is is independent of the choice of local coordinates. So *w
is a globally defined (m — r)-form (it can be regarded as an alternative
definition). The operator x which sends r-forms to (m — r)-forms.

It has the following properties, for any r-forms ¢ and :

(1) ¢ Axp =< b >,

(2) #n =1,%1 =n,
(3) *(x¢) = (=1)""* Vg,
(4) (x¢, %) = (¢, ¥).

Expression of the codifferential operator ¢ in terms of the
Hodge-Star operator. Define § = (—1)"" ! xod o x : A""(M) —
A"(M), where A"(M) is the set of smooth r-forms, is called the codif-
ferential operator. 1t is easy to verify that § o 6 = 0. We also have the
following very important property for §: For ¢ € A™(M), € A" (M),
we have

(do, ) = (¢, 09),

i.e. 0 is conjugate to d. So (—1)™*! x od o x is the expression of the
odifferential operator ¢.



Proof. Note

d(o Axy) = do Nxip+(=1)"¢ Ad(x)
do N *p + (=1 (=1)"""d A *(xd x 1))
= dp N *xp — p N\ x01.

Then desired identity is obtained by applying the Stokes theorem.
e Hodge-Laplace operator. We define the Hodge-Laplace operator
A =ds+dd: A"(M) — A"(M).
For f € C*(M), then §(f) =0, so
A(f) =0(df) = —sdxdf, Afn=sxAf=—dxdf.
Let (U, ) be a local coordinate, then

of .
ozt de’,

df v =

\/@ glm iljﬁdﬁ? A - Adztm

*dflv = (m—1)! ivind oxJ
= J@Z(—l)mgiigfjdxl Ao NdEA - A da™,
i=1 T
Hence
~ 0 0
(Af)nlv = —d(xdf)|y = g (@g”d;) dzt A - A dx™
= —A f7]|U-

This tells us .
Af=—AFf.

So —A when acts on C°°(M) is the Beltrami-Laplace operator A.



e Hodge Theory. In this section, we denote the Hodge-Laplace oper-
ator by A. Let H"(M) = kerA and H = @H"(M). Let A" (M) =
2o NT(M).
r=0

The Hodge theorem Let (M, g) be an n-dimensional compact ori-
ented Riemannian manifold without boundary. For each integer 0 <
r <mn, H" (M) is finite dimensional, and there exists a bounded linear
operator G : N*(M) — N (M) (called Green’s operator) such that

(a) kerG = H;
(b) G keeps types, and commute with the operators *,d and 6;

(c) G is a compact operator, i.e. the closure of image of an arbitrary
bounded subset of N*(M) under G is compact;

(d) I = H+ A oG, where I is the identity operator, and H is the
orthogonal projection from N\*(M) to H with respect to the inner product

()

From the Hodge theorem, since I = ‘H + A o G, we can write (called
the Hodge-decomposition)

Corollary( Hodge-decomposition)
AN(M) = AN(M))dH (M)

= dSAT(M) @ SdA"(M) @ H" (M)
AN (M) ® SA™H(M) @ H' (M),



