Math 3363 Spring 2020
Homework 2 Solutions

Please use a pencil and do the problems in the order in which they are listed.
Write on only one side of each page and staple your pages.

1. Use the Rayleigh Quotient to show that all eigenvalues for

—¢"(x) = Xp(z) for 0 <z < L, (1)
©'(0) = 0, and (2)
e(L) = 0. ()

are non-negative. Note that L is a positive number.

Solution. If X is an eigenvalue and ¢ is a corresponding eigenfunction,
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B fo ))2dx
LW @yds
Jo (p@)2ds

so all eigenvalues are nonnegative.

2. Show that zero is not an eigenvalue for (1), (2), and (3).

Solution. We will show that the only solution to (1), (2), and (3) when A = 0 is given
by ¢(z) = 0.Thus 0 is not an eigenvalue.

If A =0 and ¢ is a solution to (1) then p(x) = ¢; + cox and ¢'(z) = co. From (2) it
follows that ¢y = 0 then from (3) it follows that ¢; = 0 so ¢(x) =0 for 0 <z < L.



3. Find the matrix D(A) for (1), (2), and (3) when A > 0.Note that (2) and (3) are
equivalent to

B1p(0) + By’ (0) = 0 and
Bap(L) + By’ (L) = 0

Solution.

DO\ = ( o )%(0) + ( 603 504 )%(L)

By\(z) = ( _%szj;x ﬁffxx )

D(\) = <8 é)cm(ow(? 8)@@)
= (006G ) (o) (Ll k)
B <cos (\)/XL sm\/\/XXL>

4. Find the function A()) for (1), (2), and (3) when A > 0 then find the eigenvalues.

Solution.

A(N) = det D(A) = =V Acos VAL

A is an eigenvalue if and only if A > 0 and

—VAcos VAL =0
if and only if A > 0 and
cos VAL =0
if and only if
1 (2k — 1)m
\/XL—(k—§)7ror /\—T

> \ <(2k2—Ll)7r)2

for some positive integer k.



5. For each eigenvalue for (1), (2), and (3), find the corresponding eigenfunctions.

Solution. When )\ is an eigenvalue, ¢ is a corresponding eigenfunction if and only if
o(x) = 1 c08 \/ Ao + co8in v/ Aoz

for some pair of numbers ¢; and ¢, at least one of which is not zero and

C1 . 0
poa ()= (o)
2k — D> 0 kL)
b 2L - cos —(%gl)ﬁ sin —(2]“;1)”

(5 o)
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if and only if ¢ = 0. Thus ¢ is an eigenfunction corresponding to the eigenvalue

2
<%> if and only

Here

SO

(2k — D)7z

() = ¢p cos 5T

for some ¢; # 0.

6. A proper listing of eigenvalues and eigenfunctions for

—¢"(z) = Ap(x) for 0 <z < L,
¢'(0) = 0, and
P(L) = 0
) kr\? kmx
is {\p }72, and {p;, 172, where A\g = 0, ¢y(z) = 1 and A\, = A and ¢, (x) = cos A

for k=1,2,.... Let
f(x) =22 —3La* for 0 < x < L.

Find the series for f determined by the orthogonal sequence {y,}72,. Evaluate the
integrals. The integration by parts formula is

b b
[ w)ds = @)zt~ [t wyele)ds



whenever each of u and v has a continuous derivative on [a, b].

Solution. The series is {S,,} where
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k=0 < SOIN gpk‘ >
L 1, _L -
< [ipo >= / (22° — 3La?) - 1dx = [?ﬂ — La®lizy = _éL
0

L
0

SO

<S> 13

< g P > 2
For k=1,2,...

L
k
< f, o >:/ (22° — 3La?) cos %dw
0

L S L
= {(2x3 —3L2%) (E) sin kﬂTx} » — /0 (6% — 6Lx) (E) sin kﬂTxdx

L [* k
= 2_7? i (Lx—xz)sin%dx
_ 6L (Lg;—xQ)(_—L)coslm—x x:L_/L(L_Qx)(__L)COS]m_xdx
- km ke L., Jo ke L

x=0
1213 /L o ke 120 kra )™=
T owr e LT e (L,
12L4
= cos km — cosO
(k)
i
1214




L
k
< Y, Pk >:/ cos? 2L iy
0

L
L 2
= / —(1+ cos kﬂx)d:c
0 2
B 1 +i n2k7m: v=L
I PR T A
L
2
Hhos f 2 1214 2413
<P > k k
— kT _ 2 1—(—1Dk) = 1— (-1
N (= T (o L
Thus
< f, 09 > - < f, o >
SnLC = +
@) = s ;<ka7§0k> )
1, <= 2417 o kT
pr— _—— _1 —
2 Zl(,m)z;( (F1) ) eos 7
So X .
1, 243 (11— (=D kro
Sp(x)=—=L - 2 = cos —



