
Math 3364 Spring 2020 Homework 5 Solutions

Due April 16 at 11:59 p.m.

Do the problems in the order in which they are listed. Submit your work in a pdf
file.

1. Derive the solution to the following problem for Laplace’s equation in a rectangular
solid.

∂2u

∂x2
(x, y, z) +

∂2u

∂y2
(x, y, z) +

∂2u

∂z2
(x, y, z) = 0 (1)

u(0, y, z) = 0 (2)

u(L, y, z) = 0 (3)

u(x, 0, z) = 0 (4)

u(x,H, z) = 0 (5)

u(x, y, 0) = 0 and (6)

u(x, y, T ) = f(x, y) (7)

for 0 ≤ x ≤ L, 0 ≤ y ≤ H, and 0 ≤ z ≤ T . Start by looking for elementary separated
solutions of the form

u(x, y, z) = ϕ(x, y)h(z). (8)

Use the eigenvalues and eigenfunction found in the note, ’A two-dimensional eigenvalue
problem,’found on Dr. Walker’s web site.

Solution Outline. Starting with (8), separation of variables produces

−
(
∂2ϕ

∂x2
(x, y) +

∂2ϕ

∂y2
(x, y)

)
= λϕ(x, y) for (x, y) in [0, L]× [0, H] (9)

and
h′(z)− λh(z) = 0 for 0 ≤ z ≤ T. (10)

The conditions (2)-(6) produce

ϕ(x, y) = 0 for (x, y) on the boundary of [0, L]× [0, H] (11)

and
h(0) = 0. (12)
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A proper listing of eigenvalues and eigenfunctions for (9) and (11) is {λkj}∞k,j=1 and

{ϕkj}∞k,j=1 where λkj = (
kπ

L
)2+ (

jπ

H
)2 and ϕkj(x, y) = sin

kπx

L
sin

jπy

H
.When λ = λkj,

the solutions to (10) and (12) are multiples of hkj where hkj(z) = sinh
√
λkjz. Since

the problem consisting of (1)-(6) is linear and homogeneous, anything of the form

n∑
k=1

m∑
j=1

Ekjϕkj(x, y)hkj(z)

will be a solution. In order to have (7) also satisfied, an infinite sum will be needed.
We conjecture that

u(x, y, z) =

∞∑
k=1

∞∑
j=1

Ekjϕkj(x, y)hkj(z).

Condition (7) requires

f(x, y) =

∞∑
k=1

∞∑
j=1

Ekjϕkj(x, y)hkj(T )

so

Ekj =
4

LH sinh
√
λkjT

∫ L

0

∫ H

0

f(x, y)ϕkj(x, y)dydx

The solution is given by

u(x, y, z) =
∞∑
k=1

∞∑
j=1

Ekj sin
kπx

L
sin

jπy

H
sinh

√
(
kπ

L
)2 + (

jπ

H
)2z

where

Ekj =
4

LH sinh

√
(
kπ

L
)2 + (

jπ

H
)2T

∫ L

0

∫ H

0

f(x, y) sin
kπx

L
sin

jπy

H
dydx

2. Find a proper listing of eigenvalues and eigenfunctions for the following problem

−
(
∂2ϕ

∂x2
(x, y) +

∂2ϕ

∂y2
(x, y)

)
= λϕ(x, y) for 0 ≤ x ≤ L and 0 ≤ y ≤ H, (1)

∂ϕ

∂x
(0, y) = 0 for 0 ≤ y ≤ H, (2)

ϕ(L, y) = 0 for 0 ≤ y ≤ H, (3)

ϕ(x, 0) = 0 for 0 ≤ x ≤ L, and (4)

ϕ(x,H) = 0 for 0 ≤ x ≤ L. (5)

Note that zero is an eigenvalue of one of the related one-dimensional problems.
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Solution. Actually, zero is not an eigenvalue of one of the related one-dimensional
problems. I was thinking of the problem where ∂ϕ

∂x
(L, y) = 0 rather than ϕ(L, y) = 0

as is the case in this problem.

We begin by looking for an elementary separated solution of the form

ϕ(x, y) = f(x)g(y) (6)

Putting this form into (1) we have

− (f ′′(x)g(y) + f(x)g′′(y)) = λf(x)g(y) for 0 ≤ x ≤ L and 0 ≤ y ≤ H.

Dividing each side of this equation by f(x)g(y) (assuming for now that this is not zero)
we have

−f
′′(x)

f(x)
= λ+

g′′(y)

g(y)
for 0 ≤ x ≤ L and 0 ≤ y ≤ H.

Letting µ be the common constant value we have

−f ′′(x) = µf(x) for 0 ≤ x ≤ L (7)

and
g′′(y) + λg(y) = µg(y)

or
−g′′(y) = (λ− µ)g(y)

or
−g′′(y) = δg(y) for 0 ≤ y ≤ H (8)

where
δ = λ− µ. (9)

Note that
λ = µ+ δ. (10)

From (6), (2), and (3) we have
f ′(0) = 0 (11)

and
f(L) = 0. (12)

From (6), (4), and (5) we have
g(0) = 0 (13)

and
g(H) = 0. (14)

The problem (7), (11), (12) and the problem (8), (13), (14) are copies of problems that
were studied in Section2.1. Proper listings of eigenvalues and eigenfunctions are

{µk}∞k=1 and {fk}∞k=1
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and
{δj}∞j=1 and {gj}∞j=1

where

µk = (
(2k − 1)π
2L

)2,

fk(x) = cos
(2k − 1)πx

2L
,

δj = (
jπ

H
)2,

and
gj(y) = sin

jπy

H

for 0 ≤ x ≤ L, 0 ≤ y ≤ H, k = 1, 2, . . ., and j = 1, 2, . . .. Note that we have used
different ( k and j) index symbols for the two listings.

In view of (6) and (10), a proper listing of eigenvalues and eigenfunctions for (1)-(5) is
given by

{λkj}∞k=1,j=1 and {ϕkj}∞k=1,j=1
where

λkj = µk + δj = (
(2k − 1)π
2L

)2 + (
jπ

H
)2

and

ϕkj(x, y) = cos
(2k − 1)πx

2L
sin

jπy

H

for 0 ≤ x ≤ L, 0 ≤ y ≤ H, k = 1, 2, . . ., and j = 1, 2, . . ..

.

3. Derive the solution for the following heat equation problem for a rectangular plate.

∂u

∂t
(x, y, t) = κ

(
∂2u

∂x2
(x, y, t) +

∂2u

∂y2
(x, y, t)

)
(1)

∂u

∂x
(0, y, t) = 0 (2)

u(L, y, t) = 0 (3)

u(x, 0, t) = 0 (4)

u(x,H, t) = 0 and (5)

u(x, y, 0) = α(x, y) (6)

for 0 ≤ x ≤ L, 0 ≤ y ≤ H, and t ≥ 0. Use the eigenvalues and eigenfunctions that you
found in Problem 2.
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Solution. Starting with
u(x, y, t) = ϕ(x, y)h(t), (7)

separation of variables produces

−
(
∂2ϕ

∂x2
(x, y) +

∂2ϕ

∂y2
(x, y)

)
= λϕ(x, y) (8)

for (x, y) in [0, L]× [0, H] and
h′(t) + λh(t) = 0 (9)

for t ≥ 0. Assuming that u is not the zero function, conditions (2)-(5) imply
∂ϕ

∂x
(0, y) = 0 for 0 ≤ y ≤ H, (10)

ϕ(L, y) = 0 for 0 ≤ y ≤ H, (11)

ϕ(x, 0) = 0 for 0 ≤ x ≤ L, and (12)

ϕ(x,H) = 0 for 0 ≤ x ≤ L. (13)

A proper listing of eigenvalues and eigenfunctions for (8) and (10)-(13) is {λkj}∞k=1.j=1
and {ϕkj}∞k=1,,j=1as given in Problem 2.

When λ = λkj,the solutions to (9) are multiples of hkj where

hkj(t) = e−λkjt

Any linear combination of the functions ϕkjhkjwill be a solution to (1)-(5). To get a
solution to (6) also, we will need an infinite sum.

u(x, y, t) =
∞∑
k=1

∞∑
j=1

Ekjϕkj(x, y)hkj(t).

Noting that
hkj(0) = 1

we see that (6) will hold if and only if

α(x, y) =

∞∑
k=1

∞∑
j=1

Ekjϕkj(x, y).

This will hold if and only if

Ekj =
< α,ϕkj >

< ϕkj, ϕkj >

Thus we conjecture that the solution to (1)-(6) is given by

u(x, y, t) =
∞∑
k=1

∞∑
j=1

Ekj cos
(2k − 1)πx

2L
sin

jπy

H
exp(−(((2k − 1)π

2L
)2 + (

jπ

H
)2)t)

where

Ekj =
4

LH

∫ L

0

∫ H

0

α(x, y) cos
(2k − 1)πx

2L
sin

kπy

H
dydx

for k = 1, 2, . . . and j = 1, 2, . . ..
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