Math 3363 Examination II Solutions
Spring 2020

Upload your solutions in a pdf file by 11:59 p.m. Thursday, April 2. You may
use your text, notes, and the material posted on Dr. Walker’s web site, but you
must do your own work.

You may use the following information without derivation.

e A proper listing of eigenvalues and eigenfunctions for

(i) —¢"(z) =Ap(x) for0<z<L,
(i) ¢(0) =0, and
(iif)  @(L) =0

k k
is {\}52, and {¢,}2, where )\, = (%)2 and ¢, () = sin %

e A proper listing of eigenvalues and eigenfunctions for

(i) ¢"(x) = Ap(z) for0<az <L,
(ii) ’( ) = and

k k
is { i}, and {¢, }72, where A\, = (%)2 and ¢, (x) = cos %x Note that Ay = 0 and
polz) = 1.
e A proper listing of eigenvalues and eigenfunctions for
(i) —¢"(z)=Xp(z) for0<z<L,
(i) ¢(0) =0, and
(iif)  ¢'(L) =0

2k — 1)r? 2k — 1
is { A}, and {¢;}2, where A\, = (2k = Lm and ¢, (z) = sinﬂ
2L 2L
e A proper listing of eigenvalues and eigenfunctions for
(i)  —¢"(z) =Ap(z) for0<z<L,
(ii) ¢'(0) =0, and
(i) (L) =0
2k — 1)m\” 2k — 1
is { A}, and {¢;}2, where A\, = <%) and ¢, (z) = cos%



e A proper listing of eigenvalues and eigenfunctions for

(i) O"(x) = Ap(x) for -L<x <L,
(ii) 90( L) = ¢(L), and
(iii)  ¢'(=L) = ¢'(L)

is { A}, and {p;}22, where

=0, po(zr)=1for —L<z<L,

k
)\Qk_l = AQk—(;) fOI‘]{?—123

k k
Oop_1(x) = cos %x, and o () = sin %x for k=1,2,3,...

For this problem, the eigenvalues are zero and (’%)2 for k=1,2,3,....

and — L <z < L.

The eigenspace

corresponding to zero is one dimensional and a corresponding eigenfunction is the
constant function with value one. For k = 1,2, 3, ..., the eigenspace corresponding to

k
(T

pair of functions whose values at = are cos %

L

kn

“Tx and sin 7

- .

1. Find the function v of the form

v(x,y) =ar + by + cxy +d

such that
v(0,0) = 3,
v(4,0) = =5,
v(4,2) 2, and
v(0,2) —1.
Solution.

v(0,0)=a-04+b-0+c-0-0+d=3s0od=3

)? is two dimensional and a corresponding orthogonal pair of eigenfunctions is the

v(4,0)=a-44b-0+c-4-0+3=—-5s0a=—-2
v(0,2)=a-0+b-2+c-0-2+3=—1s0b=—2

11
v(4,2) =—-2-4—-2-24c¢c-(4)(2)+3=2s0c=

11
v(x,y) = —2x — 2y + 3 Y +3



2. A hollow cylinder of height H and circumference 2L is open at both ends and is

in thermal equilibrium. It is insulated except around its top and bottom rim. The
temperature at each point on the top and bottom rims is known. Find the temperature

at each point of the cylinder.

Think of a plate lying in the rectangle [—L, L] x

by joining the left and right edges. This is the problem to solve:

[0, H] being formed in to the cylinder

0*u 0*u
@(xy) (xy) Ofor —L<z<Land0<y<H (1)
( Ly) = w(Ly)for0<y<H (2)
ou ou
Ly = gLy for0<sy<H (3)
u(z,0) flz)for —L<z<L (4)
u(z, H) g(x)for —L<z<L (5)
Solution.The solution u to (1)-(5) is given by
u = ulower 4 pper
where 1!°"" is the solution to
02 0>
a—;;(:yy)—l—a—;;(xy) Ofor —L<z<Land0<y<H (6)
u(=L,y) = u(l,y)for0<y<H (7)
%(— ) gu(b y) for 0 <y < H (8)
u(z,0) flz)for —L<z<L (9)
u(z, H) Ofor —L<z<L (10)
and u"PP*" is the solution to
2 2
%(my)—i—?—yﬁ(my) Ofor —L<z<Land0<y<H (11)
u(—L,y) u(L,y) for 0 <y < H (12)
ou ou
FSRE) 5p Loy) for0<y<H (13)
u(z,0) Ofor —L<z<L (14)
u(z, H) g(x) for —L<az<L (15)

Solution for u!°"*'. Suppose that u is an elementary separated solution to (6). This

means

u(w,y) = p(x)h(y)

for some pair of one-place functions ¢ and h. Inserting this into (6),

" (x)h(y) +

p(z)h"(y) = 0.

we have

(16)



Assuming for now that
u(z.y) #0,
and dividing each side of (16) by ¢(x)h(y), we have

©"(x)h(y)  plz)h"(y)
e(x)h(y) — e(x)h(y)

W'(y) _ _¢"(x)

hy) — wlx)’
This holds for all y with 0 <y < H and x with —L < 2 < L, so there is a constant A
such that

=0,

SO

h// "
h(y) p(x)
for all y with 0 <y < H and = with —L < 2 < L. From (17) we then have

—¢"(z) = Mp(z) for all z in [—L, L] (18)
and
R"(y) = Ah(y) for all y in [0, H]. (19)
It is worth noting that if
u(z,y) = (x)h(y)
and (18) and (19) hold, then

Phiem) = ¢'@hy) = ~Ae()hy)

so the PDE (6)

0%u 0%u
@(x,y) + 8—y2(iﬂ-y) =0

will be satisfied, and we no longer need to assume that u(z,y) # 0. Continuing with
our assumption that

u(z,y) = ¢(2)h(y)
we have from conditions (7) and (8) that either h(y) = 0 for all y in [0, H] which we
reject because of (9) or

p(—L) = ¢(L) (20)
and
¢'(=L)=¢'(L) (21)

which we must accept. In a similar way we have from (10) that
h(H) =0 (22)

The problem consisting of (18), (20), and (21) is one which we have studied. The
eigenvalues are zero and (’%)2 for k =1,2,3,.... The eigenspace corresponding to zero
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is one dimensional and a corresponding eigenfunction is the constant function with
value one. For k =1,2,3, ..., the eigenspace corresponding to (’%)2 is two dimensional
and a corresponding orthogonal pair of eigenfunctions is the pair of functions whose

values at z are cos kL” z and sin kL” T .

When A = 0, the solutions to (19) are linear combinations of the functions whose values
at y are H — y and ,and the solutions to (19) and (22) are multiples of the function
whose value at y is H — y. Corresponding to A = 0 we have the elementary separated
solution whose value at (x,y) is

1-(H—y)=H —y.

k
When \ = (%)2, the solutions fo (19) are linear combinations of sthe functions whose
k k
values at y are Sinh%y and sinh %(H — y), and the solutions to (19) and (22)

k
are multiples of the function whose value at y is sinh %(H — y). Corresponding to

km
A= (T)2, we have elementary sepsrated solutions whose values at (z,y) are

kra km kmx km
C08 —— sinh T(H y) and sin < sinh T(H —v)
The problem consisting of (6), (7), (8), and (10) is linear and homogeneous so anything

of the form

- k k k
Ao(H —y) + ;[Ak cos % + By sin %] sinh %(H —y)

will be a solution. In order for (9) to be satisfied, an infinite sum will be needed, so
we conjecture that the solution u to (6)-(10) is of the form

= kmc kmx km
= [A —+ B ——|sinh —(H — y).
u(z,y) = )+ 321 k COS + By sin 7 | sin 7 ( )
Condition (9) will hold if and only if
flz) = AH+ ) [A cos—+B smlm—x}smhk—ﬁH
= Ao E k k 7 i
k k km k
= AgH + E [(Ag sinh %H) % + (B sinh TH) sin %]

k=1

The function f is being expressed as the limit of a Fourier series. Thus

1 [* 1 [t
AgH = ﬁ/_Lf(x)dx so Ag = ﬁ/_Lf(x)da:

5



km

L 1 L
Apsinh —H = / f(x)cos kﬂ—xdx so A = —/ f(x) cos kﬂ—xdx,
L -L L L sinh WUEERV L

and

kmx k
By, sinh —H = f ) sin —dx so B, = f ) sin ﬂdw
/mrH L
L sinh ——

for k=1,2,....

Solution for u"P°'. The derivation is similar to that for u'°¥*. H — 1y gets replaced
by y.The solution u is given by

kmx kmx k
u(z,y) = Agy + Z [Af cos I + By, sin %] sinh %y

where
I y 1 [t
AgH = 2L/ g(x)dx so Ay = 2HL/ g(x)dx,

k 1 [t k 1 L k
Ay, sinh %H = / g(x) cos %dm so Ay = w/ g(x) cos %dw,
L sinh -L

L/,
and
km 1 [F . kmx kmx
By, sinh TH =7 /Lg(x) sin de so By = W/ ) sin ——dx.
L sinh ——
L
1 L
Ay = — d
0 2l /Lg<x) Zz,
kmx
A = —/ g(x) cos —duz,
H
L sinh LBV L
L
and .
1 k
By, = e / g(x)sin T

Lsinh —L

Solution to the Original Problem. The solution to (1)-(5) is u where
= kmx km
= [A —+ B ——|sinh —(H —
u(zx,y) +kz:; kcos Ty & sin 7 ] sin L( Y)
km k
+Coy + Z Cy COS — —l— D), sin Tx] sinh %



in which

1 L
Ao = ﬁ/ f(z)dx

A, = / f
H
L sinh —— km

kmx
) cos —d:n,

k
By, = w/ f(z)sin %dm,
Lsinh —— 7 ~F

1 L
Co = —/ g(x)dx,
" 9HL |, (z)
k
Ck:W/ g(x Cos%xdx,
Lsinh —— “~F
L
and .
1 kmx
Dk = W/Lg( Slanl'

L sinh

0%u 0%u
@( ) 82(132/) =

ou
(,y

)
( . Y)
u(x, H)

0)

u(z,

Solution. Suppose that u is an elementary separated solution to (1). This means

3. Derive the solution to the following problem for Laplace’s equation in a rectangle.

Ofor0<z<Land0<y<H

Ofor0<y<H
Ofor0<y<H
Ofor0<zx<L
flz)for0<z <L

u(w,y) = p(x)h(y)

for some pair of one-place functions ¢ and h. Inserting this into (1), we have

o"(@)h(y) + o(x)h" (y) = 0.
Assuming for now that
u(z.y) #0,
and dividing each side by ¢(x)h(y), we have
P"(@)hly) | p@)h"(y) _
p@)hly) — e@)hly)

\G)

A~~~ /N I/~
ot w
~— ~— ~— ~—



SO
M) )
h(y) p(z)
This holds for all y with 0 < y < H and = with 0 < x < L, so there is a constant A
such that

W'y) _ _ _#'(2)
h(y) p(x)
for all y with 0 <y < H and x with 0 < 2 < L. We then have
—¢"(z) = Mp(z) for all z in [0, L] (6)
and
h"(y) = Ah(y) for all y in [0, H]. (7)

It is worth noting that if
u(z,y) = ¢(x)h(y)
and (6) and (7) hold, then
0?u Y
a2 &Y = ¢@)hly) = —Ap(2)h(y)

= —p(x)h"(y) = —g—;;@:, )

so the PDE (1)
d%u 0*u
@(%?J) + a—yQ(x-y) =0

will be satisfied, and we no longer need to assume that u(z,y) # 0. Continuing with
our assumption that

u(w,y) = p(x)h(y)

we have from conditions (2) and (3) that either h(y) = 0 for all y in [0, H] which we
reject because of (5) or

¥'(0) =0 (8)
and

p(L) =0 (9)
which we must accept. In a similar way we have from (4) (which stated that u(x, H) =

0) that
h(H) =0 (10)

The Sturm-Louville problem consisting of (6), (8), and (9)is one which we have studied.
A proper listing of eigenvalues and eigenfunctions for this problem is

{Atez and {o )i,

where
(2k — 1)m

M= (57

)2 for k=1,2,...



and

2k —1
op(z) = sinp,z for all x in [0, L] and k =1,2,.... where p, = %
The equation (7)
h'(y) = Ah(y)
is equivalent to
h"(y) — Ah(y) = 0. (11)

When A > 0 as it must be because all eigenvalues for the problem (6), (8), and (8) are
positive, a linearly independent pair of solutions to (14) is the pair whose values at y
are

sinh vV Ay and sinh VA(H — y).

We have
h(y) = ¢; sinh vV Ay + ¢y sinh VA(H — y).

We have from (10) that h(H) = 0, so
¢y sinh AH + ¢ sinh VA(H — H) = 0,

Using the fact that sinh0 = 0 and sinh z # 0 when z # 0, we have that ¢; = 0 and
see that when A\ = Ay then the solutions to (10) and (11) are constant multiples of Ay
where

hi(y) = sinh p,(H — y).

The problem consisting of (1), (2), (3), and (4) is linear and homogeneous, so if
{E)}7_,is a finite sequence of numbers and

T,y) = ZEkSDk(fC)hk
k=1

then u will be a solution to (1), (2), (3), and (4). Thus we hope that the solution to
the problem consisting of (1) through (5) will be of the form

7,y) =Y Expy()hi(y)

for some perhaps infinite sequence of constants { £} ;.Condition (5)
u(z,0) = f(z) for x in [0, L],
implies

= Z Exphi (0 Z (Ejy sinh p, H
= k=1

Since {¢; }72, is an orthogonal sequence of non zero function this implies

<f7(70k>

Eysinhp, H) =
( g ) <90k3a()0k>



SO
<f7<70k>

© 7 sinhpH < oy 04 >

for k =1,2,...where the inner product is defined by

<a,f >:/0 a(x)B(z)dx.

For this sequence {¢,},

L

=—fork=1,2,....
2

L
<¢m¢k>:/“@%00%$
0

In summary, the solution to the original problem (1) through (5) is u where

u(r,y) = Z Ej; cos pya sinh p (H — y)
k=1

in which

2 L
Ey=——7— de for k=1,2,...
k LsinhpkH/O f(z) cos pdx for .2,

. Let f be given by
B 1 if —1<z<0
fm%‘{s—ﬁ if 0<z<1

Let h be the limit of the Fourier Series ( L = 1) for f. Sketch the graph of h over
[—3, 3]. Be sure to show the value of h at each number in [—3, 3].

Solution.

' - ' -
ﬁ_
: : = : : : |
3 2 1 0 1 2 3
X
h

10



5. Let f be given by
flxy=2—a*for0<z <1,

(a) Let g be the limit of the sine series ( L = 1) for f. Sketch the graph of g over
[—3, 3]. Be sure to show the value of g at each number in [—3, 3].

Solution.
2 —
y
1 -
o & o & O ° %
-3 2 1 1 2 X3

(b) Let h be the limit of the cosine series ( L = 1) for f. Sketch the graph of h over
[—3, 3]. Be sure to show the value of h at each number in [—3, 3].

Solution.

11
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X L

6. Let

-1 if -1<2<0
f(x):{ 1 if 0<z<1

and let {5,,}7°, be the Fourier Series for f. Does {S,,} converge uniformly? Explain
why or why not.

Solution. Each S, is continuous, but the limit function is not, so the convergence
cannot be uniform.

7. Derive the solution to the following wave equation problem.

0? 0?

(%Z (x,t) = cza—;;(a:,t) for 0 <z <L and all ¢t in R, (1)

au( 0,t) = 0 foralltinR, (2)
( 1) 0 for all ¢ in R, (3)
u(z,0) = f(z)for 0 <z <L, and (4)

8u(x, 0) = g(z)for0 <z < L. (5)

Solution. Suppose that u is an elementary separated solution to (1). This means

u(z, t) = p(z)h(t)

for some pair of one-place functions ¢ and h. Inserting this into (1), we have

p(@)h"(t) = c*¢" (x)h(t). (6)

Assuming for now that

u(z.t) #0,

12



and dividing each side of (6) by ¢ (z)h(t), we have
p(2)h"(t) _ 2¢"(@)h(t)
p()h(t) p(z)h(t)

SO
W) )
=c )
h(t) p(z)
This holds for all ¢t and all x with 0 < 2 < L, so there is a constant K such that
h/l t Vi
') _ e ¢ ¢"(z) (7)
h(t) o(z)

for all t and all z with 0 < 2 < L. As a matter of notational convenience and so that we
can more easily make use of our earlier work on two-point boundary value problems,
we let

K

A=——s0o K= —*\.
¢
From (7) we then have
—"(x) = Mp(z) for all z in [0, L] (8)
and
R'(t) = —Ac2h(t) for all ¢. (9)

It is worth noting that if
u(z,t) = p(z)h(t)
and (8) and (9) hold, then

That) = w@h'(t) = -Aolx)h(t)
= Ao (x)h(t) = 62%(%15)

so the PDE (1)
0*u ,0*u
W(.ﬁ,t) =C @(x,t)

will be satisfied, and we no longer need to assume that u(z,t) # 0. Continuing with
our assumption that

We have from conditions (2) and (3)

¢'(0)=0 (10)

and
o(L) =0, (1)
A proper listing of eigenvalues and eigenfunctions for (8), (10), and (11) is

{ A}z and {o )i,

13



where o 1
Gk =T k=19,

M= (57

and
(2k — )m

5T x forall zin [0, L] and k =1,2,....

() = cos

The equation (9)
R"(t) = —c*Ah(t)

is equivalent to
R"(t) + Ah(t) = 0. (12)

When A > 0 as it must be because all eigenvalues for the problem (8), (10), and (11)
are positive, a linearly independent pair of solutions to (12) is the pair whose values

at t are
cos Vet and sin vV \ct.

Thus when A = A the solutions to (9) are linear combinations of the functions hy; and

hoj where
hix(t) = cos \/ Akct and hog(t) = sin v/ Agct.

We expect that the solution to the problem consisting of (1) through (5) will be of the
form

Z o1 () [Aphir(t) + Brhar(t)) (13)

for some sequences of constants {Ak} >, and {Br}2,.

Condition (4)
u(z,0) = f(z) for x in [0, L],

implies
k:l

Since {¢; }72; is an orthogonal sequence of non zero functions this implies

< >
Ak;: f)gok
<()0k:7()0k >

so for k = 1,2, ...where the inner product is defined by

<a,p >:/0 ax)p(x)de.

For this sequence {¢,},

L
2k — 1 L
< Ppy Pr >—/O (Cos%xfdx—gfork—1,2,....

14



Returning to (13) we expect

Z@k )[ARR () + Brhay (1))

Condition (5)

gt (x,0) = g(x) for all x in [0, L]
implies
- - 2/<; — 1) = (2k— )7
g= Z ©p[Arh’, (0)+Brh, Z [— A} sin 0+ By, cos 0] Z —L> ) Broy,
k=1 k=1 k=1
0 (2k — 1) 2 2L
— )7 <g,Pr >
R = T B, = ~9% = g = (2y(—
( 2L )Br < Pp, Pp > or Tk (L)((Zk - 1)7Tc) < 9%k >

for k =1,2,3,....In summary, the solution to the original problem (1) through (5) is
u where

g [Ag cos 1> ~———~—ct + By, sin wcﬂ cos W
in which
/f cos Qk ) dxfork’—12
and 4 L (2k — 1)z
Bk:(Qk——l)wc/O g(z)cosdeforkzl,Z...

. Suppose that
f(t) = 3sin2t — 3 cos 2t.

Find numbers A, w, and 6 with A > 0 and 0 < # < 27 such that
f(t) = Asin(wt + 0)

Solution. (5 points for A, 5 points for , and 0 points for w) The way to solve this
problem was shown in the note "Standing Wave Solutions.’

Asin(wt +0) = Asinwtcosf + Acoswtsinf
= Asinf coswt + Acos 0 sin wt
This is
3sin 2t — 3 cos2t = —3 cos 2t + 3sin 2t

if and only if w = 2,
Asinf = —3 and Acosf = 3 (#)

15



If these last two equations hold,
A%sin?f =9 and A%cos’f =9
SO
A% (sin® 0 + cos? 0) = 18

SO
A? =18

and since A > 0,

A =V18 =3V2.
From (#) we have

1= -3  Asinf — tand
3 Acosf
Since Asinf < 0, Acosf > 0, and 0 < 6 < 27, it follows that
I
0=—.
4

16



