Examples of Expansions of Functions in Terms of an

Orthogonal Sequence

If {122y, and {¢, }72,, is a proper listing of eigenvalues and eigenfunctions for a self-adjoint
two-point boundary value problem over the interval [a, b] and f is a function defined on [a, b],
the series for f determined by {¢}}32,, is the sequence of functions {5, };2, given by

Su() = 30 L= 0

k:ko < QDI{H SDIC'

for all x in [a, b] provided that < f,y, > exists for each k.

A proper listing of eigenvalues and eigenfunctions for

—¢" = Xpon|0,L],
©(0) = 0, and

is {\}%2, and {p;}32, where

Example 1. If
fz)=1for0<ax <L

the series for f determined by this orthogonal sequence is {5, }32 ; where
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< [, > _ krn [1_(—1) } _ i [1_(_1)k]
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Sn(z) = o= [1—(—1)F] smlﬁrTx
k=1
or

"1 (—1)F X
Sn(x)zgz[l (kl)]sinkL

The following graphs are for the case where L = 1.
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Example 2. If
flz)=xzfor0<z <L

the series for f determined by this orthogonal sequence is {S,,}°°; where

n n k7rx
< x sin 2L kmx
Sn(z) = E & g fo sin :
= S PR PR > = Jo " sin L k”dx L



Using integration by parts,

L =L L
k L k L
/0 xsin%xda: = {x-(—%cos%x)]xo —/0 1-(—5008—
2 L
k
=~y 008 km + T ; cos %xda:
L? L ,[. krx]™"
= ——cos km + (E) {sm T} .
B (_l)kJrlL?
B km

because cos km = (—1)* and sin k7 = sin 0 = 0.

As in Example 1,
/L _ knz | knx L
sin — - sin —dx = —
0 L

L 2
S0
" 2(—1)ML | krx
Sn(x)zz pm sin —
k=1
or
s )_2L " (=DFY ko
w(x) = DA sin —

The following graphs are for the case where L = 1.
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Example 3. If f is given by
flz)=x(L—x)for 0 <z <L
the series for f determined by this orthogonal sequence is {5, }52 ; where

kmv dr ke

Sp(z) = i <f,—gok Z fo Jsin 75 sin
k=1

— < PP > b

kﬂ'ZL‘ L
0 Lsin T sin = dx

Integration by parts twice shows that

k k 2L°
/0 z(L — x)sin Zxdx = 7r3k;3(1 —(=1D)").

So
fOL x(L — z) sin B2 dy 733—]7;(1 — (=1)¥)
fOL sin kj.i”” sin ]”—wdx N é
= -
Thus n
Sn(z) = 47ri32 %(1 — (=1)¥)sin IWTT:U

The following graphs are for the case where L = 1.
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