
Examples of Expansions of Functions in Terms of an
Orthogonal Sequence

If {λk}∞k=k0 and {ϕk}
∞
k=k0

is a proper listing of eigenvalues and eigenfunctions for a self-adjoint
two-point boundary value problem over the interval [a, b] and f is a function defined on [a, b],
the series for f determined by {ϕk}∞k=k0 is the sequence of functions {Sn}

∞
n=k0

given by

Sn(x) =
n∑

k=k0

< f, ϕk >

< ϕk, ϕk.
ϕk(x)

for all x in [a, b] provided that < f, ϕk > exists for each k.

A proper listing of eigenvalues and eigenfunctions for

−ϕ′′ = λϕ on [0, L],

ϕ(0) = 0, and

ϕ(L) = 0

is {λk}∞k=0 and {ϕk}∞k=0 where

λk =

(
kπ

L

)2
and ϕk(x) = sin

kπx

L
.

Example 1. If
f(x) = 1 for 0 ≤ x ≤ L

the series for f determined by this orthogonal sequence is {Sn}∞n=1 where

Sn(x) =
n∑
k=1

< f, ϕk >

< ϕk, ϕk >
ϕk(x) =

n∑
k=1

∫ L
0
1 · sin kπx

L
dx∫ L

0
sin kπx

L
· sin kπx

L
dx
sin

kπx

L

∫ L

0

1 · sin kπx
L

dx =

∫ L

0

sin
kπx

L
dx = − L

kπ

[
cos

kπx

L

]x=L
x=0

= − L

kπ
[cos kπ − cos 0] = − L

kπ

[
(−1)k − 1

]
=

L

kπ

[
1− (−1)k

]

1



and∫ L

0

sin
kπx

L
· sin kπx

L
dx =

∫ L

0

sin2
kπx

L
dx =

∫ L

0

1

2
[1− cos 2kπx

L
]dx

=

[
x

2
− L

2kπ
sin
2kπx

L

]x=L
x=0

=

[
L

2
− L

2kπ
sin
2kπL

L

]
−
[
0

2
− L

2kπ
sin
2kπ0

L

]
=

[
L

2
− L

2kπ
sin 2kπ

]
=

[
L

2
− 0
]

L

2

Thus
< f, ϕk >

< ϕk, ϕk >
=

L
kπ

[
1− (−1)k

]
L
2

=
2

kπ

[
1− (−1)k

]
and

Sn(x) =

n∑
k=1

2

kπ

[
1− (−1)k

]
sin

kπx

L

or

Sn(x) =
2

π

n∑
k=1

[1− (−1)k]
k

sin
kπx

L

The following graphs are for the case where L = 1.
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Example 2. If
f(x) = x for 0 ≤ x ≤ L

the series for f determined by this orthogonal sequence is {Sn}∞n=1 where

Sn(x) =
n∑
k=1

< f, ϕk >

< ϕk, ϕk >
ϕk(x) =

n∑
k=1

∫ L
0
x sin kπx

L
dx∫ L

0
sin kπx

L
· sin kπx

L
dx
sin

kπx

L
.

3



Using integration by parts,∫ L

0

x sin
kπx

L
dx =

[
x · (− L

kπ
cos

kπx

L
)

]x=L
x=0

−
∫ L

0

1 · (− L

kπ
cos

kπx

L
)dx

= −L
2

kπ
cos kπ +

L

kπ

∫ L

0

cos
kπx

L
dx

= −L
2

kπ
cos kπ + (

L

kπ
)2
[
sin

kπx

L

]x=L
x=0

=
(−1)k+1L2

kπ

because cos kπ = (−1)k and sin kπ = sin 0 = 0.

As in Example 1, ∫ L

0

sin
kπx

L
· sin kπx

L
dx =

L

2

so

Sn(x) =
n∑
k=1

2(−1)k+1L
kπ

sin
kπx

L

or

Sn(x) =
2L

π

n∑
k=1

(−1)k+1
k

sin
kπx

L

The following graphs are for the case where L = 1.
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Example 3. If f is given by

f(x) = x(L− x) for 0 ≤ x ≤ L

the series for f determined by this orthogonal sequence is {Sn}∞n=1 where

Sn(x) =
n∑
k=1

< f, ϕk >

< ϕk, ϕk >
ϕk(x) =

n∑
k=1

∫ L
0
x(L− x) sin kπx

L
dx∫ L

0
sin kπx

L
· sin kπx

L
dx

sin
kπx

L
.

Integration by parts twice shows that∫ L

0

x(L− x) sin kπx
L

dx =
2L3

π3k3
(1− (−1)k).

So ∫ L
0
x(L− x) sin kπx

L
dx∫ L

0
sin kπx

L
· sin kπx

L
dx

=
2L3

π3k3
(1− (−1)k)

L
2

=
4L2

π3k3
(1− (−1)k)

Thus

Sn(x) =
4L2

π3

n∑
k=1

1

k3
(1− (−1)k) sin kπx

L
.

The following graphs are for the case where L = 1.
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