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This paper concerns the statistical properties of nonuniformly hyperbolic dynamical
systems. The author already introduced in [Ann. of Math. (2) 147 (1998), no. 3,
585-650; MR1637655 (99h:58140)] a powerful scheme to study properties such as the
existence of Sinai-Bowen-Ruelle measure, the decay of correlations and the central limit
theorem for systems with some hyperbolic behavior.

The strategy proposed by Young is that if a system has some hyperbolicity, then one
has a chance to construct a Markov tower having the original system as a factor, hence
all the above-mentioned statistical properties may be recovered from those in the tower.
The Markov tower is an abstract system defined as follows: Let F: Ag — Ay be a map
and R an integer-valued function defined on Ag. Assume that Ag is partitioned into
countably many elements A ; such that R = R; is constant on each Ag; and F i maps
Ag ; onto A bijectively. Then the Markov tower (A, F) is the discrete time special semi-
flow over (Ag, F'®) with height function R. The problem is now to study these properties
on the tower. In the author’s earlier paper [op. cit.] this was done for exponential mixing
rates, using spectral arguments. Here she continues the study of this abstract model,
and considers the case of sub-exponential mixing rates. This is of great interest, since
for nonuniformly hyperbolic systems it is unlikely that this rate is exponential.

The main result is that if m is a nonsingular probability measure, then, under some
mild distortion conditions, the speed of convergence to equilibrium is of the same type
as the speed of convergence to zero of the tail of the distribution of the return time
m(R > n). For example, if m(R > n) = O(n~?) then the decay of correlation occurs
with a speed O(n~%). This upper bound on the speed of convergence to equilibrium
is obtained by a probabilistic coupling method. Very quickly, let P be a probability
measure on A X A which is the product of two measures which are equivalent to m.
Then if T'(x, y) denotes the simultaneous return time by F of (z,y) € A X A to Ay X Ay,
the speed of convergence to equilibrium is essentially related to the tail P(T > n). Note
that this is a well-known upper bound for the speed of convergence to equilibrium of a
countable state Markov chain [see, e.g., T. Lindvall, Lectures on the coupling method,
Wiley, New York, 1992; MR1180522 (94¢:60002)]. In fact, the real bound obtained in
the theorem involves the distribution of some successive simultaneous return times, and
can hardly be written down here. Fortunately Young computed it for us for polynomial,
exponential, and stretched exponential tails, and found a rate of convergence of the
same type.

As an alternative to this coupling approach, V. Maume-Deschamps [Trans. Amer.
Math. Soc. 353 (2001), no. 8, 3371-3389 (electronic) MR1828610 (2002a:37004)] was
able to get, using Hilbert projective metrics, a simple upper bound for the decay of
correlations in terms of the measure of high levels of the tower.

In the last part of the paper, the author applies this method to one-dimensional maps
with indifferent fixed points, and essentially recovers for a broader class of systems the
results obtained earlier on by C. Liverani, Saussol and S. Vaienti, and H. Hu.

Markov towers seem to be particularly indicated to model nonuniformly hyperbolic
systems, anologously to the way in which Markov partitions model Axiom-A systems.
This opens a promising path to studying systematically the statistical properties of
hyperbolic measures in the setting of Pesin’s theory.
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FEATURED REVIEW.

This paper contains a breakthrough result in the study of the decay of correlations
for hyperbolic systems with singularities. Hyperbolic systems (characterized by the
absence of zero Lyapunov exponents) include many classical and modern models of
statistical physics: Lorentz gases, hard ball systems, certain chaotic attractors. While
smooth uniformly hyperbolic systems are very well understood, this is not the case for
many physical models, which are not uniformly hyperbolic and contain singularities in
the phase space. One of the most important issues here is the behavior of the time
correlation function, which is directly related to the basic laws of statistical mechanics.

It was long conjectured that singularities in hyperbolic systems, e.g., in Lorentz gases
and other Sinal billiards, might slow down the decay of correlations from exponential
to subexponential. That would imply that statistical properties of these models are
weak and physical laws could be hard to prove or even observe experimentally. Many
researchers have computed the correlation function numerically, but the data obtained
were compatible with both exponential and subexponential laws, and the controversy
persisted for more than a decade. This paper proves that correlations actually decay
exponentially for hyperbolic maps with singularities under quite general assumptions.
The main result of this paper covers certain Sinai billiards, including planar periodic
Lorentz gases with finite horizon, and this is also shown in the paper.

The content of the main theorem is the following, technical details being left out. Let
f:M — M be a nonuniformly hyperbolic map, possibly with singularities. Let I' C M
be a “hyperbolic product structure”, i.e. the intersection between a family of unstable
manifolds and a family of stable manifolds. The set I is iterated under ™, n > 1, until
its images properly cross T itself (in the sense that the intersection stretches completely
across I' in the unstable direction). Every time a proper intersection occurs, the points
of f*I' coming back to I' “make a return”. The points that make a return are taken
out of circulation, and the rest of f"I" is iterated further, until proper intersections with
I" occur again, etc. The main assumption of the theorem is that the fraction of " that
does not make a return until time n is exponentially small in n (with respect to the
Lebesgue measure on unstable manifolds). Under this assumption, the author proves
that an f-invariant Sinai-Ruelle-Bowen measure on M exists, enjoys exponential decay
of correlations and satisfies a central limit theorem.

The author applies the main theorem to dispersing Sinal billiards, Axiom A attractors
and logistic maps of the interval. The theorem has potentially wide applications to other
chaotic deterministic systems of physical origin. Nikolai Chernov
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