Heavy and heavier bricks.

We have ten rectangular bricks of exactly the same dimensions that are labeled one through ten. Each brick is of uniform density but the mass of the brick labeled 1 is M, the mass of the brick labeled 2 is 2M, . . . , mass of the brick labeled K is KM and finally the mass of the brick labeled 10 is 10M. How may these bricks be stacked, only one upon the other, such that the top brick is at a maximal horizontal distance from the bottom brick and what is this distance?

A solution.

Suppose that we have N geometrically identical labeled bricks, each of length L, with center of gravity at L/2 from one end. The mass of the brick labeled k is kM.

The first two may be stacked in such a manner that they balance at the indicated vertical 

arrow. This point is determined as follows: The distance u is measured from the balance point of brick 2 and the distance v is measured from the balance point of brick 1.
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In order for the system consisting of these two bricks to balance at indicated point:

 

mass of brick 2,which is 2M, times u

is to be 
mass of brick 1, which is M times v,

i.e., 





 2Mu =  Mv. 

Also 



u + v = L/2.

We have that 


      u = L/2 – v 

and thus, 
          M[2(L/2 – v)] = Mv.

From this we have that L – 2v = v or L = 3v

And finally v = L/3.
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The balance point of the two bricks as placed in figure 1 is L/3 from the right hand edge of the bottom brick. Their combined mass is 3M.

We now establish how three bricks may be stacked for maximum distance from balance point. Let v denote the distance from the right hand edge of the bottom brick to the vertical arrow that we shall determine to be the balance point. The distance L/2 is u + v.

The combine mass of the top two blocks is 3M and the bottom block is of mass 3M.
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As before total mass of top two bricks (3M) times the distance v is to equal mass of bottom brick (also 3M) times u.



 3Mv = 3Mu

The sum 
u + v = L/2.

Thus

      u = v 

and hence
     2v = L/2

From which it follows that v = L/4.
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We now establish how four bricks may be stacked for maximum distance from balance point. Let v denote the distance from the right hand edge of the bottom brick to the vertical arrow that we shall determine to be the balance point. The distance L/2 is u + v.

The combine mass of the top three blocks is 6M and the bottom block is of mass 4M.
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As before total mass of top three bricks (6M) times the distance v is to equal mass of bottom brick 4M times u, i.e.,



 
6Mv = 4Mu.

The sum 

u + v = L/2.

From these two equations we have that 3v = 2u, i.e., (3/2)v = u, 

 

   (3/2)v + v  = L/2,

and

         (5/2)v  = L/2.

Thus v = L/5.
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Suppose that we have completed K steps in our work. We assume that, based on our work so far, that the balance point at the Kth step is a distance L/(K +1) in from edge and now show that at the K+1 step the balance point will be at a distance of L/(K+2).

The total mass of the first K bricks is (1 + 2 + 3 + … + K)M. The mass of the brick labeled K + 1 is (K+1)M.

In order to balance at the indicated point it is necessary that 




 (K + 1)M u = [(1 + 2 + … + K)M]v,

i.e., 

      
        (K+1)u = [1 + 2 + … + (K – 1) + K]v.

Also u + v = L/2.

We have that 
      (K + 1)(L/2 – v) = [1 + 2 + … + (K – 1) + K]v.

Thus 


(K + 1)(L/2) = [1 + 2 + … + (K – 1) + K]v + (K + 1)v.
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Rewriting we have that [1 + 2 + … + (K – 1) + K]v + (K + 1)v =  (K + 1)(L/2).

Which may be written as [1 + 2 + … + (K – 1) + K + (K + 1)]v = (K + 1)(L/2).

Recall that if T is a positive integer, then 1 + 2 + 3 + . . . + T = (T)(T+1)/2.

Thus 
(K + 1)(K + 2)v/2 = (K+1)L/2

or simply v = L/(K+ 2) which is what was to be shown.

For our problem we have 10 bricks and therefore the total maximum stacking distance achievable is L/2 + L/3 + L/4 + . . . + L/9 + L/10 + L/11 = 




    L(1/2 + 1/3 +1/4 + . . . + 1/ 11) =  2.019877L .

The question is what is to determine the maximum horizontal distance from top brick to bottom brick.

This is answered by computing  [L/2 + L/3 + L/4 + . . . + L/9 + L/10] the horizontal distance from the right hand edge of the top brick to the right hand edge of the bottom brick and subtracting the length L of the top brick.


[L/2 + L/3 + L/4 + . . . + L/9 + L/10] – L = L[ 1/2 + 1/3 + . . . + 1/10  – 1 ]







      = L[ 0.92897 ].
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