Roots Solution

Determine all real numbers A such that Ax3 + (2 – A)x2 – x – 1 has three real roots r1, r2 and r3, two of which have the same value, that is, r1= r2,  r2 = r3 or r1= r3. Create, for each such A, (A: r1, r2, r3), where A is a real number and r1, r2 and r3 are the associated real roots, two of which have the same value.

Notice first that r1 = 1 is a root for any number A and second, that if A = 0 then there are only two roots.

Using the fact that 1 is a root we factor 



Ax3 + (2 – A)x2 – x – 1 = (x – 1)(Ax2 + 2x + 1).

Using the quadratic formula we find that the roots are 


r2 = (– 2 + (4 – 4A)1/2 )/(2A)  and  r3 = (– 2 – (4 – 4A)1/2 )/(2A).

Which we can simplify


r2 = (– 1 + (1 – A)1/2 )/A and r3 =  (– 1 – (1 – A)1/2 )/A.

If A > 1, then the roots r2 and r3 are not real numbers.

If A = 1, then the roots r2 and r3 are both –1, and thus we have one double root and
(A: r1, r2, r3) = (1:1, –1, –1).

Since 1 is a root for all numbers A, the only other possible value for a double root is 1.

If  
       1 = (– 1 + (1 – A)1/2 )/A
or  =  (– 1 – (1 – A)1/2 )/A,

then    
A + 1 =  (1 – A)1/2    
or     A + 1 = – (1 – A)1/2.

If we square, then we then have that



A2 + 2A  + 1  =  (1 – A)

or  

A2 + 3A = 0.

We already noted that A is not 0, hence A = –3.

Our expression 
Ax3 + (2 – A)x2 – x – 1


is then
        –3x3 + 5x2 – x – 1 = (x – 1)( –3x2 + 2x + 1)






       = (x – 1)( –3x – 1)(x – 1)
If A = –3 then, we have roots r1= 1, r2 = 1 and r3 = –1/3 and thus


 (A: r1, r2, r3) = (–3:1,1, –1/3).

There are no other real double roots.

