AGES

Describe all the circumstances and conditions under which two given people can have ages, in years, whose digits are exactly reversed from each other. An example could be 29 and 92. We assume that the ages are less than 100 and also that 00, 01, 02, 03, … and 09 are the digits for age 0, 1, 2, 3, … and 9 respectively.

SOLUTION AGES

We shall write an age as XY where each of X and Y is a nonnegative integer less than 10, i.e., XY = 10X + Y which is to be nonnegative and less than 100.

If ages are exactly reversed and one age is AB then the other age is BA, where we understand that each of A and B is a nonnegative integer less than 10.

Trivial solutions are 00,11, … and 99.

Let us now assume that A is greater than B and that AB is BA.

Then the differences of the two ages is 


(10A + B) – (10B + A) = 9(A – B).

Remember that B is not less than 0.

Notice that in 11 years AB becomes (A + 1)(B + 1)  (provided that A < 9) and BA becomes (B + 1)(A + 1) (provided that B < 9) and we have exact age reversal.

If C = A – B, then age reversal will occur as follows:


0A + 11D, for D = 0,1, … , (9 – C) 

and


A0  + 11D, for D = 0,1, … , (9 – C).

This then yields the following table.






AB,BA

A
B = 1
  B = 2
    B= 3    B = 4
 B = 5
  B = 6
  B + 7
  B = 8    B = 9



0
01,10
 02,20     03,30    04,40
05,50
 06,60
  07,70
  08,80
   09,90

1

 12,21
   13,31    14,41    
15,51
 16,61
  17,71
  18,81
   19,91


2


   23,32    24,42
25,52   26,62
  27,72
  28,82
   29,92

3



     34,43
35,53
 36,63   37,73
  38,83
   39,93

4





45,54
 46,64   47,74    48,84
   49,94

5






 56,65
  57,75
   58,85   59,95

6







  67,76    68,86   69,96

7








   78,87   79,97

8









    89.98
