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1. Folland, 1.18. Let A ⊂ P(X) be an algebra, Aσ the collection of
countable unions of sets in A, and Aσδ the collection of countable in-
tersections of sets in Aσ. Let µ0 be a premeasure on A and µ∗ the
induced outer measure.
(a) For any E ⊂ X and ε > 0 there exists A ∈ Aσ with E ⊂ A and

µ∗(A) ≤ µ∗(E) + ε.
(b) If µ∗(E) < ∞, then E is µ∗-measurable iff there exists B ∈ Aσδ

with E ⊂ B and µ∗(B \ E) = 0.
(c) If µ0 is σ-finite, the restriction µ∗(E) <∞ in (b) is superfluous.

2. Folland, 1.19. Let µ∗ be an outer measure on X induced from a finite
premeasure µ0. If E ⊂ X, define the inner measure of E to be
µ∗(E) = µ0(X)− µ∗(Ec). Then E is µ∗-measurable iff µ∗(E) = µ∗(E).
(Use the previous exercise.)

3. Folland, 1.23. Let A be the collection of finite unions of sets of the
form (a, b] ∩Q where −∞ ≤ a < b ≤ ∞.
(a) A is an algebra on Q. (Use Proposition 1.7.)
(b) The σ-algebra generated by A is P(Q).
(c) Define µ0 on A by µ0(∅) = 0 and µ0(A) = ∞ for A 6= ∅. Then

µ0 is a premeasure on A, and there is more than one measure on
P(Q) whose restriction to A is µ0.

4. Folland, 1.30. If E ∈ L and m(E) > 0, for any α < 1 there is an open
interval I such that m(E ∩ I) > αm(I). (Recall that m is Lebesgue
measure and L is the collection of Lebesgue measurable sets.)

5. Folland, 1.32. Suppose {αj}∞1 ⊂ (0, 1).
(a)

∏∞
1 (1 − αj) > 0 iff

∑∞
1 αj < ∞. (Compare

∑∞
1 log(1 − αj) to∑

αj.)
(b) Given β ∈ (0, 1), exhibit a sequence {αj} such that

∏∞
1 (1−αj) =

β.


