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Math 6320 Functions of a Real Variable Fall 2015
Dr. Vaughn Climenhaga, PGH 665

HOMEWORK 6

’Due in class Fri, Oct. 2. ‘

. Folland, 2.4. Tf f: X — R and f~'((r,oc]) € M for each r € Q, then

f is measurable.

Folland, 2.6. The supremum of an uncountable family of measurable
R-valued functions on X can fail to be measurable (unless the o-algebra
M is very special).

. Folland, 2.7. Suppose that for each o € R we are given a set £, € M

such that E, C Eg whenever o < 8, g Fo = X, and (g Fa = 0.
Then there is a measurable function f: X — R such that f(z) < a on
E, and f(x) > a on E¢ for every a. (Use Exercise 2.4.)

. Folland, 2.9. Let f:[0,1] — [0, 1] be the Cantor function (§1.5), and

let g(z) = f(x) + x. Recall that f is defined as follows: given x € C
with x = Y 7" ;377 for a; € {0,2}, let f(x) = 37" %277, This was
referred to in the lecture as the ‘devil’s staircase’.

(a) g is a bijection from [0,1] to [0,2], and h = ¢g~! is continuous from
[0,2] to [0, 1].

(b) If C is the Cantor set, m(g(C)) = 1.

(c) Let A C ¢g(C) be a Lebesgue nonmeasurable set (such a set ex-
ists by Exercise 1.29). Let B = g '(A). Then B is Lebesgue
measurable but not Borel.

(d) There exist a Lebesgue measurable function F' and a continuous
function G on R such that F' o GG is not Lebesgue measurable.



