Section 4.4
Rational Functionsand Their Graphs

A rational function can be expressed d¥x) = % wherep(x) andq(x) are
q(x
polynomial functions and(x) is not equal to 0. For exampl&(x) = )2(_?6 isa
X —

rational function.

Vertical Asymptote of Rational Functions

The linex = ais avertical asymptote of the graph of a functiohif f(x) increases or
decreases without boundjaapproachea.
Examples:

Given f(x) = 1 the linex = 0 {y-axis) is its vertical asymptote.
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Given f(x) = X—Z , the linex = -1 is its vertical asymptote.
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Finding Vertical Asymptotes and Holes Algebraically

1. Factor the numerator and denominator as muplossble.
2. Look at each factor in the denominator.

* |f a factor cancels with a factor in the numeratben there is a hole where that
factor equals zero.

» If a factor does not cancel, then there is a va@rasymptote where that factor
equals zero.

Example 1: Find any vertical asymptotes and/oe$ olf:

f(x):m — (X-B}(% — X-3

——————

Koo (%= (x 2N x-=

Vertical Asymptotes:

X=-35=0
X = 2
Holes:
X2 = - .
=0 _ T2-5 -1 _ 4
L= = 3= "=~ /s

2.Y8)

Example 2: Find any vertical asymptotes and/oe$olf:
2 _ 2
f(x):% = 2x7+5x=3  _ (2%=-D(x+D)
X(XZ_ ’;)X*J-\-\ K(K—L\\‘( x*_&_B

Vertical Asymptotes:

X=O] x-h=0 x+r1=0 2l.imm-2 -¢] 6
Holes: X -_}" X=-3 T~ S A

2(-2)
NONE

l?-xz-k- G6X=X-%
\ZX( X +5\_&—;‘LC&*%
Section 4.4 — Rational Functions and Their Graphs Cx A 2,5 (l)( —Q 2




Horizontal Asymptote of Rational Functions

The liney = b is ahorizontal asymptote of the graph of a functiohif f(x) approacheb
asx increases or decreases without bound.
Examples:
Given f(x) = 1 the liney = 0 (x-axis) is its horizontal asymptote.
X

A
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2
Given f(x) :(X—2 , the liney = 1 is its horizontal asymptote.
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Horizontal asymptotes really have to do with whapiens to thg-values ax becomes
very large or very small. If thevalues approach a particular number at the faaled
far right ends of the graph, then the function d&®rizontal asymptote.

Oari
Note: A rational function may have several vettesymptotes, but only at most one
horizontal asymptote. Also, a graph cannot crogsrical asymptote, but may cross a
horizontal asymptote.
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Finding Horizontal Asymptotes

Let f(x) = 5(( )) Shorthand: degree bf degf), numerator = N, denominator = D
X

1. If deg(N) > deg(D) then there is no horizorsymptote.

2. If deg(N)=ideg(D) then there is a horizonwtraptote and it ig'= 0| k-axis).
3. If deg(N) = deg(D) then there is a horizonwglraptote and it ig = %, where

ais the leading coefficient of the numerator.
b is the leading coefficient of the denominator.

Example 3: Find the horizontal asymptote, if thsrene, of:

x® +3x°
a. f(x)= NN deg(N) dag(D); therefore, L&W\Q

X2 +2x+3

b. ”X):m deg(N) = deg(D); therefore,‘t" -
2 g
1% O
C. f(x):m deg(N) < deg(D); therefore, \ll -

For those examples above that do have a horizasyahptote, determine whether or not
the graph of the function crosses it.

et £ = horiwa al n-f*o'\a

—_ 3.-(\\ -\'\\exe \s a s.o\ul'io \\e.n L osSses .

S

No solution § \-\Q“CQ

— No <olubhon, then doem'-L CAOss
\ _ L) X+ 2x 4>
-XZeBX O 2x*+ bx- S-(ﬁ
|40 ?_(x"42>‘*5>"' 2x*r 6x-A

M“L\\(*‘@ M—kéx A

WO \Mef&ec,hon
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Stepsto Graphing a Rational Function

1. Factor the numerator and denominator as muplessble. Look at the denominator.
» If a factor in the numerataancels with a factor in the denominator, then there is
aholein the graph when that cancelled factor is equakto.

» If a factordoes not cancel, then there is aertical asymptote where that factor is
equal to zero.

2. Findx-intercept(s) by setting numerator equal to zero.
3. Find they-intercept (if there is one) by substituting O in the function.
4. Find the horizontal asymptote (if there is one)

5. Use the-inter cept(s) and vertical asymptote(s) to divide thex-axis into intervals.
Choose a test point in each interval to deternfittgei function is positive or negative
there. This will tell you whether the graph apptoesthe vertical asymptote in an
upward or downward direction.

6. Graph! Except for the breaks at the vertical asymptotes, the graph should be a nice
smooth curve with no sharp corners.

Example 4: Letf (x) = 3TX2 Find any holes, vertical asymptotes, x-intersgpt
X

intercept horizontal asymptote, and sketch thelga the function.

f(x) =
X+ 2
holes: one (MO Lactor coh c\s)
vertical asymptotes: ‘
Ax2=Q i‘— — '\1,.
(-.a?) n @O )
X=-2 ;
x-intercepts: 3 2(-\)
2% =0 (0,022 =%
X=O -Hv
y-intercept:

sel x =O 3(03_0

-

Ox2
(0D
horizontal asymptote:
deg(N) = deg(D); thereforé“ =

i 3
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Example 5: Lef (X) =ii. Find any holes, vertical asymptotes, x-intersgpt
X_
intercept, horizontal asymptote, and sketch thelgat the function.

X+2

Ty =3

holes:

NONE

vertical asymptotes:

X-A =0
X=A

x-intercepts:

x-\l——o

y-intercept: <= - ;
=\ X =0 D2 @,i @

(0 -—0*2—-_-_2-__ _g:-?.- X =
M) —==2=- (O,-> A

horizontal asymptote: A,V | A= A

deg(N) = deg(D);therefore,\{"-ﬁ_

AL A —
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Example 6: Lef (X) —#. Find any holes, vertical asymptotes, x-intersgpt
X —

intercept, horizontal asymptote, and sketch thelga the function.
ormer EERGAD xea
~a S —
(72D (2D XX

holes: 2
Y=2=0 \1 - < = = _L
X=72_ 242 4
(2%
vertical asymptotes:
Xx2L=0
=-2

x-intercepts:

%-A=0 X=-2
X =4 (&)@ A —
y-intercept: Sej\ Y =0

\="% T2 o

(oD

horizontal asymptote:

deg(N) _=— deg(D); thereforeyl = 5__
2 2
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-2 . . .
=— =1 Find any holes, vertical asymptotes, x-intersgpt

intercept, horizontal asymptote, and sketch thelgat the function.

f( ):2_—21 = !
T =D

holes:

NONE.

vertical asymptotes:

X-\=0O w+\=0

X =\ X =<A_

x-intercepts:

2.0
NONC<=

y-intercept: Se.‘\ N4 =O

= 2. }l—-
“(0‘% éa@@

-2 =2
horizontal asymptote: t;_)l_\ @) -1 2-\

deg(N) _ ¢  deg(D); therefore,\f =0
O 2
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= O.Z*BQ—SD

= (a+\OH@-D

= O e

= () - &)

= (X + 1V x-T) (x-¥=> (x *V\%

x= -0
X =05
X =\
X=-\S
"
P(O = x'-4

PR

x=q
= (XD - 4
= a-i = (a-DCa)
= (Xl-—\\ (x"-»&)
= (- \BC’“'QQ(—CXXH:B



