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1 Indeterminate Forms

1.1 Indeterminate Form (0/0)
W lis the Indeterminate Form (0/0)?

ox =2 . x—2 . 1 1 1
lim —— =lim —— = lim — = —— =

=2 (x—2)(x+2) z-224+2 242 4
A s e fie) 1 1] -
(L HopztalsRule)—alcg 7 () —iLn12 5r — 2.2 1 (Amazing!!)

Asz — 2, f(z) =2 —2— 0 and g(x) = 2% — 4 — 0, but the quotient

flz) x-2 0
_— = — —.
glz) 22—-4 0
We can not determine a value for “% 7 without some extra work!
. N B . fx) . i
If lim f(z) = lim g(x) = 0, then lim ﬁ might equal any number or even fail
r—a r—a z—a g(x

to exist! [lex] Condensed: The “form” 3 is indeterminate.

1.2 Other Indeterminate Forms

Indeterminate Forms
Indeterminate Forms

e The most basic indeterminate form is %.

o It is indeterminate because, if lim f(z) = lim g(z) = 0, then lim f((:c;
T—a T—a z—a g(x

might equal any number or even fail to exist!

. . sinx e "
e Specific cases: lim —, lim ————
z—0 x  wz—oosin(l/x)

,

e The forms 2 and 0 - oo are also indeterminate.



e They are actually equivalent to %, since any specific case of one can be

recast as a specific case of another.

e For example,

lim 1 lim 27
im zlnz = lim — = lim ———
z—0+ rz—0+ 1/1‘ r—0+ 1/1111?
00 0
0- - he
>0 00 0

Quiz
Quiz

1. Give the limit for {1 - }
n+2

n=1

2. Give the limit for {1 n ”}
n—+ 2

n=1

2 L’Hopital’s Rule

2.1 L’Hopital’s Rule
L’Hoé6pital’s Rule
L’Hoépital’s Rule
fl@) . f(@)

0
Suppose that lim 1(@) is a =~ or =. Then lim "2 = lim ;
Ezamples 2. o= g(x) 0 0 eorglz) o= g'(z)

. x—sinx [0 . 1—cosx 0 .
lim —— | = =lim — | = | still
z—0 xsinz 0 z—0sinx +xcosx \ 0

. sin 0
= lim - = —
z—0 COSX + COST — T SINT 2




What is Wrong with This?
What is wrong with the following argument?

. 22 0 . 2x . 2 2
lim — = lim = lim = — = -0

z—0+t sinx \ 0 z—0+ COST z—0+ —SIinx —0

Remark
L’Hopital’s rule does not apply in cases where the numerator or the denominator
has a finite non-zero limit!!! For example,

2z 0

im
z—0+ COS T 1

but a blind application of L’Hopital’s rule leads incorrectly to

. 2x 2 2
lim = lim - = — =
z—0t COSX  z—0+ —sinz -0

—0Q

Quiz
Quiz
o0

3. Give the limit for {n%}
(@)1, (b)2, (c)e.

4. Give the limit for {<1 + 1) }
n

n=1

n=1

(a)1, (b)2, (c)e.

3 More Examples

3.1 Form %
Foumplps 3.

. sinx —x 9 L cosx — 1 9 sl
lll% .133 0 _J,I—IH) 3%‘2 0 St

= lim 2% <8) stilll = lim —S%% _ ~1

z—0 6x z—0 6 6
. 2cosx — 2+ 2 0 oy —2sinz+ 2z [0 Lilll
= (o) T (o) o
—2cosx+2 [0
p— 1 —_— - ) ,
t =25 (5) s

oy 2sinx [0 sl — i 2(:osx_2_1
Tolb 24z \0) T TN T T 12



3.2 Form =
Eoumypls 4.

. In(3*4+2%) so0 3*In2+2%In2
lim ———= (—) = lim —
0 T—00 3T 4 2%

T—00 xT

In3+4(2/3)*In2 In340
= lim = :1113
z—oo 14 (2/3)" 140

3.3 Limit Properties of Inx and e”

Limit Properties of Inz
lim z%lnz =0, «o>0.

z—0
Proof.
|
lim 2%Inz (0-00) = lim me (E)
r—0+ 0+ xT 0o
1 «
= lim il: lim L:O
r—0t —axr— 4™ 70+ —v
Inx
lim — =0, a>0
rz—o00 %
Proof.
1 1 1
r—o0 T (0.} r—o00 QLY T—00 axa—l
Remark

e Inz tends to infinity slower than any positive power of x.

e Any positive power of In x tends to infinity slower than x.



Limit Properties of e*

lim — =0
r—oo et
Proof.
" /o0 Conz™ !l 0
lim — (— ) = lim —
z—o00 e o0 —00 er o0
o onn—1Dz"? /0
= lim ( ) (—)
T— 00 et o0
| |
.oonl n
=lm —=—=0
r—oo et o0
Remark

e” tends to infinity fasterr than any positive power of x.

3.4 Exponential Forms: 1, 0°, and oo’

Exponential Forms: 1, 0°, and oo
Since InzP = plnz, the log can be used to convert each of exponential forms
1°°, 0%, and oo to 0 - oo:
In(1°) =00-0, In(0°)=00-0, In(cc?)=0"-o00.
If lim In f(2) = L, then lim f(z) = e”.

T—r% Tr—k

Ezample 5.

: x 0 _ .0 __
xli)%l+l‘ (0) =e¢ =1

lim In(z*) (In0°) = lim zlnz (0-oo)

z—0t+ z—0t

. Inz /o0 ) 1/x .
= (%) = tm, iz A e =0

MiovepEsponential Forms: 1>, 0°, and oo

lim z'/® (ooo) =el=1
1' 1 1/IE 100 — 1 —
Jlim (1+2)7/° (1%) =e =e



1 1
lim Inz'/* (1nooo) — lim =% (OO) = lim ﬁ:O

T—00 r—oo I o0 r— 00 1
In(1

lim In(1+ )% (In1°) = lim In(1 +2) <O>

z—0+ z—0+ x 0

. 1
lim
z—0+ 1+

- 1
e Set z = n, we have the familiar result: as n — co, n» — 1.

e Set z = 1/n, we have: as n — oo, (14 1)" — .

3.5 Form oo — o0

Form oco — o
The form oo — 0o can be handled by converting it to a quotient.

. . sinz —1 [0
lim (tanz —secz) (co—o0) = lim ——
z—(m/2)~ z—(m/2)~ COST 0

L L
z—(r/2)- —sinx  —1
—a ©" -1 (0
1. ( r+e _ :E) _ — 1 € —
Am e me) ome) =l o D
= lim & (__i ) = lime =e'=1
T—00 —e T—00

sinx 1 sinxz — 1
tanx —secx = — =
COST  COSX Ccos &

—x

. —a et -1
ePte T _ T = ® (ee — 1) = —
e—x

Outline
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