NUMERICAL ANALYSIS
Sample Test 1 Math 4365 (Spring 2012) January 31, 2012

20 points| 1. Write out the cardinal functions L;(z) appropriate to the problem of interpolating the
following table, and give the Lagrange form of the interpolating polynomial:

x‘% 1
f@) 2 -1 7

Solution  The cardinal functions L;(z) are

e He-n 1
BT VR
(x—%)(x—l) _ 1

(-3 —1) _ L1

There, the interpolating polynomial in the Lagrange form is

Do) = —36(x — i)(x 1)~ 16(z — %)(x 1)+ 14(z — %)(x - %)

2. Construct a divided-difference diagram for the function f given in the following table,

and write out the Newton form of the interpolating polynomial

|

1
f(x .3

0 2
3

—
w5 | ores
colen

Solution ~ The complete diagram is

Z fH f[’] f[’?] f[?aa]
1 3
1
2
30 1B 1
2 4 ) 3
0 3 ° 2 -
_2 ’
. 3
2| 3
where the first entry in column 3 is
13
=-3 1
s 4 — —
f[‘r()wrl] % 1 9
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Sample Test 1(continued) Math 4365 (Spring 2012) January 31, 2012

20 pos] 3.

By

and after completion of column 3, the first entry in column 4 is

_ flz1, wa] — flao, 4] _ é_% 1
flzo, x1, 20] = Ty — Ty ~0-1_ 3
Thus, the Newton form of the interpolating polynomial is
1 1 3 3
p3(r) =3+ §(I -1+ g(x —1)(x — 5) —2(x — 1)(x — §)x

Write out the cardinal functions H;(z) and H;(x) appropriate to the problem of inter-
polating the following table, and give the Hermite interpolating polynomial:

v | fl2) )
0 2 1
1 1 2

Solution  First compute the Lagrange polynomials L;(z) and their derivatives:

r— 1 z—1
L == = =
0(33') To — I1 0-1

— -0
Li(z) = r—x9 X

1—z, Ly(z)=-1,

= = L/ = 1
T, — T 1-0 T, 1((17)

The cardinal functions H;(z) and H;(z) are

Ho(x) = [1 = 2(z — o) L (o) Li (x) = (1 4 22)(1 — x)?,
1o(z) = (x — @0) Li(z) = (1 — z)?,

Hy(z) =1 = 2(x — a1) L (21)] Li(2) = (3 — 2)a?,
Hy(z) = (z — 21) L3 (2) = (z — 1)2”

Thus, the Hermite interpolating polynomial is
p3(r) =2(1 +22)(1 —2)* + 2(1 — 2)* + (3 — 22)2* + 2(x — 1)a?

Construct a divided-difference diagram for the function f given in the following table,
and give the Hermite interpolating polynomial:

Solution  The complete diagram is
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Sample Test 1(continued) Math 4365 (Spring 2012) January 31, 2012

pone] 5

z f[] f[>] f[>’] f['a'>'7]
0 2

1
0 2 —2

-1 5)

1 1 3

2
1 1

where the first entry in column 3 is f’(z¢), the second entry in column 3 is

1-2
= —— = —1
f[21, 22] 1 _ 0
and after completion of column 3, the first entry in column 4 is
- —1-1
20, 21, 2] = flz, 20] — flzo, 2] _ — _9
Z9 — 20 1—-0

Thus, the Newton form of the Hermite interpolating polynomial is

p3(z) =2+ 2 —22% + 5% (x — 1)

Determine the parameters a, b, ¢, d, e, f, g, and h so that S(x) is a natural cubic spline,

where
S(a) = ar’ + bx? + cx + d, x € [—1,0]
S e+ fPt+gr+h,  ze|0,1]

with interpolating conditions

Solution  From the interpolation conditions, we have

S0)=2 = d=2, h=2,

1 = —a+b—c+d=1,
-1 = e+ f+gt+h=-1
Since

, 3az? + 2bx + ¢, z € [—1,0]
S'(z) =
3ex? +2fr+g, x€]0,1]

we have ¢ = ¢ from the continuity condition of S” at z =0, i.e.,
S'(0)=c=g.

Also, since
no | Gax+2b, xe[-1,0]
S(x)_{66m+2f, z €10, 1]

Page 3 of 4 Please go to the next page. ..



Sample Test 1(continued) Math 4365 (Spring 2012) January 31, 2012

we have b = f from the continuity condition of S” at z =0, i.e.,
S"(0) =2b=2f.
In order for S to be a natural cubic spline, we must have

$"(=1)=0 = —6a+2b=0
$"(1)=0 = 6e+2f=0

From all of these equations, we obtain
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