Find the derivative of each of the following functions:

(1) Fe,y2) = 2% Df(a,y,2) = (yav", a¥In(z), 0)
(@) fz) =27 f(x) = 2"(In(x) + 1),
(3) f(z,y,2) = sin(zsin(y));
Df(z,y,z) = cos(zsin(y))  (sin(y), zcos(y), 0).
(4) f(z,y,z) = sin(zsin (ysin(z)))
Df(z,y,z) = cos(zsin(ysin(z)))*(sin(y sin(z)), z cos(ysin(z))xsin(z), z cos(y sin(z))x

ycos(z))
(5) f(z,y,2) =25 f(2,y,2) = ( zIn(y))).
Df(x,,2) >(%1<> 2, >1<>)
(6) flz,y,2) = ( T, Y, @ )= ( In(z))
Df(z,y,z) (?y, zIn(z), yln( ))

(7) f(2,y,2) = ﬂs(y“) f(z,y ) p((y+2) In(x)).
Df(z,y,z) = 2WH?) « ( ), In(x ))

8) f(z,y,2) = (v +y)7 f(=, ) = exp (zIn(z + y)).
Df(r,y,2) = u+y>*(;yxw (2 +1)).

(9) f(z,y) =sin(xy);  Df(x,y) = cos(xy) (y,x).

Use the Fundamental Theorem of Calculus where needed to find the derivative
of:

(10) flz,y) = [T ¥ g(t) dt (g continuous at x + y):
Df(x,y) = g(x +y) * (1,1).

(11) f f g(t) dt (g continuous at zy):
Df(fr y) =g(x y) (v, )

(12) f(z,y,2) = f;;n(x sin{y sin(=))) g(t) dt; g is continuous at endpoints. Let u = ysin(z)

Df(z,y,z) = g(sin(z sin(u))) * (cos(z sin(u)))

% (sin(u), x cos(u) xsin(z), zcos(u) *ycos(z)) — g(zy) * (y,z,0).



(13) A function f : R" x R™ — R is bilinear if for all x, y € R” and all w, z € R™,
and all a € R:
o f(x+ay,2) = f(x2) +af(y.2)
o f(x,w+az)=f(x,w)+af(x,z)
(a) Prove that if f is bilinear, then

|/ (h, K|

im ———7=0.
(hk)—(0,0) |(h, k)|

Proof. Let (e1, -+, €,) be a basis for R”, and let u;, ---, u,, be a basis
for R™. Then if h =} | hie; and k = > 77| kjuy,

= Z Z hik; f (ei, u;)

i=1 j=1
Let M = max|f (e;w;)[. Then [f(h k)| < MY > |hf[ky]. This
equals M 3 31" [hil 3272, [kj|. By the Schwartz inequality thisis < M+/n [|h|| /m [[k|| =
C [ || Then

!f(h k)\ C [ {/k]]

\/ Il + (1 \/ e+ e

and this tends to 0 as ||h|* + ||k||> — 0. O

(b) Prove that (as a linear map (h,k) — Df(a, b)(h,k))
Df(a,b)(h k) = f(a,k) + f(h,y).
Proof.
fla+hb+k)— f(a,b) = f(a,k) + f(h,b) + f(h k).

Let L(h, k) = f(a,k) + f(h,b). Then L is a linear function of h and k,
and f(a+h,b+k)— f(a,bfb) — L(h, k) = f(h,k). By part a, f(h, k) =
¢(h,k) ||(h,k)||. Thus L(h,k) = Df(a,b)(h, k). O

This brings up a question: What is the gradient V f(a, b)? By definition, it
is a vector v € R™™™ such that D f(a,b)(h,k) = v-(h, k). That is, f(a,k)+
f(h,b) =v-(h,k). Ifa=}"" a;e;then f(a, k) = >0 D7 aik;f (e, uy).
Let fi; = f(e;,ug). Then f(a, k) =>" > a;fijhe = a’F - h, where F



3

is the n x m matrix with entries f;;. Similarly f(h,b) =h- Fb. If we put
Fb in the first n positions of a vector in R"*™, and we put a’F in the last

m positions, we have that
f(aa k) + f(ha b) = (Fbv aTF) : (h7 k) :
So Vf(a,b) = (Fb,a’F).



