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Chain Rule
Examples using the Chain Rule

If w="~(x,y,z), x=¢(t), y =9¥(t), z=6(t), find dW.

. dw _ Of dx Of dy of dz
Solution: gt — oxar T dy dt + oz dt

Or: & = 3Lo/(t) + Gou/ (1) + 5LO/(¢).
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Chain Rule

If w = F(x,u,t), u=f(x,t), x=¢(t), find L.
Solution: First substitute f(x,t) for u, and ¢(t) for x.

dw d

W 9 Fo(e). F(6(2). 0.0
OF , . OF d OF
:a(m@dﬂ(wwf

w>i§@@m+g)§f
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Chain Rule

If w="~(x,u,v), u="~f(x,y)), v=_g(x,z), find 8W ?TK/V 8avzv-

ox '

Solution: First substitute f(x,y) for u, and g(x, z) for v.

dw 0

— = 8—F(X f(x,y),&(x,z))

8F OF Of 4 oF OF 8g
8x dudx  Ovox

dw 0

Ty — @F(x, f(x,y),g(x,2))
_ OF Of
" u 8y
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Chain Rule

If w=f(x,y) and y = F(x), find 4¥ and ‘227‘2’.

Solution: %2 = &f(x, F(x)) = 3£ + 51F/(x).

d?w d (Of  Of
dx2 ~ dx (ax""ay’: (X)>a

a2f 62f / 2 87[ 1
= a2 T axgy (F 0N +5,F /()
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Chain Rule

If x, y, and z are related by the equation: x> + yz?> 4+ y°x+1 =0,
find % and % when x = —1 and z = 1.

Solution: Assume that there is a C! function f(x, z) such that
y = f(x, z) satisfies the equation.

X2 + f(x,2)2? + (f(x,2))*x+1 = 0.
Then

aﬁ <X2 + f(x,2)2% + (f(x,2))* x + 1)

X

f
=2x + g(x, 2)z° + 2f(x,z)8—(x, z)=0

155 155
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Chain Rule

of .
Solve for B

of 2
Ox  zZ2+2f(x,z2)
We need to solve for y = f(x,z) when x = —1 and z =1, in order

. of .
to determine Ix

l+y—y?>4+1=0, y=2—1.

1 of _ 2

— _ _ of _ 2 _
fy=-1lgi=15="2y=245=7v2~

(6,11 8}
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Chain Rule

Let x, y, u, v be related by the equations:
Xy + x2u = vy2
3x —4duy = x2v

Find 8)‘;, g;, g)‘i, &y - Solution: Let f(x,y,u,v) = xy +x%u— vy?,

and g(x,y, u,v) = 3x — 4uy — x?>v. Assume that these equations
determine that u = a(x,y), v = [(x,y). Compute:

;{f(x,y,a(x,)/)aﬁ(x’y))

Oa 0
=y + 2xa(x, y) +x26—x(x,y) —y? af(x y)=0.
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Chain Rule

S8y, 0(x,9), B(x»))
0
=3 —4}/27(;:(X,}/) - 2X/8(X7y) _X2£(X>}/) =0.

Organize as a linear system in the unknowns ‘g—i‘, %:

oJe ap
29 aded — v
X ax(X’y) y aX(X,y) y — 2xa(x,y)

200

0
4y£(x,y) + x 5(X,y) =3—-2xf3(x,y)
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Chain Rule

Write in matrix form:
X2 —y? ‘%% _ [~y —2xa(x,y)
4y x? 8—5 3 —2x53(x,y)

Repace a with u and 8 with v, and apply Cramer’s rule:

—y —2xu —y?
ou ' 3-2xv X2 —x%y — 2x3u + 3y? — 2xy?v
x x2 —y2 N x4+ 4y3
4y x2
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