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-2 Quotient ond q\uo\ SPQCQS

Pef. Let V be avecter space and W a  vector so\oqure of V. A

3 Dis‘h‘nc,* W - coset s c\ecompme V inte @& dujom'? (o\\?cﬂo" °Q So\ose+5

of V., (cheek % wi-u, eW, then v, tW = Uitw, otherwise v 4+W

- We write V/W For the ser of distiner  collection of  sobsetrs ©% V.

W-cose#( is a set ol MHe -Cgrw\

veWiz fvrwlweWwWy.

and Vi + W gre c\\'sjoinf-)

Vecror addition on VIW: (Vv +W Y+ (ua+WY= (VW +U ) + W,
Scalar  wuhiplication  on VW, AN(vHW):= (Av) +W .

These operatiens make V/W @ vector space, called the quotient
space o%F V ‘03 W

Operc\\-ions on Viw are we\\ —JGQ.‘AQA ) ( Check i v, +W = \).’ +L0,

I .
Vatw = Vo + W dhen (W4 AW = (0 40 VY EW, )
A ‘(UO'HQIH map w: \ - \V/W s M(V) : = v4W, © i ’Mear

and maps \/ sur:‘ecﬂue\j onte V/lA.Y_

The zero Veckse in V/W s W ., o Ve ker(r) XY vew

s, dim (VWY = i (V) = dim (W)
G i
im, T ker m

' ?"’P' let A:V > U be a linear map of  vectr spaces, I+ VUC‘%%{ A

there exists a  unique linear map AY . vw > such  thay A= A#'cTC.
Prov\:. First  we (‘e-\\--‘ne A* ; ‘\?N. A“Q we V/U\) ) c\r\eose Qa \»'Q'* +o
\/ (ie. o vector vsuch  Haar WAV) =uw ), Detine A#(u) = AWy,

)

This ees  nod éeyem\ on  Hthe Y be cause For any other ikt V',
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+ ‘,\qs the 'Corw\ v o= Vyr w s A(\;’):A(V) since A (w)=o
This is also  a lineas WP ainge ey, u, eVv/w, ceR,
4
A (U + Byy = A(V +v, )

since Vv, iy e L of uw tu, s

ACv, + V) = Ay + A, y = A” (u, ) + A“ (u, ),

smilay A" Ccuy = Ay,

This map s also vnique because it B%(q) = Av) | Hhey

A H

#
B vy = AT (v) fo» ayq vev, S A
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2 Harme 3
The dval space of a vector space
Dek . Wrire V¥ Sor #he sev of ol \inear Fonctions {(:V—=>®.
Define & veckr spae Stroctore on VY oas Lolows . if € L€V

-\—\\gn AeQine '\'\\e Suvn (, + (’; +o \OQ '\'ke W\aP \j — R LQ

(L+r LY vy =8, oyt vy,
18 NeR | thes

(ANCYvy: = N Loy,
V¥ e caled e  dud spaee of V,

’ Le* R4 i El \)e a basrs o V. Then every Vector Vv EV (Qn be written

&
q“;(‘ug\ti Qs & suvm v= @ + . <« Cn Cn . C éR . ket e€;: (V) =¢; )

*
e? (v) is & lmear Conction o V and hence € GV*.
1§ V is an n-Qdimensienal vects, space with  basis e, .., @ e

)
e/, .., ey s a basis of V¥

(7!‘0""(. Pick  an Ql"o-"\""a[‘lﬁ ( ¢ V*, we show # can be written Bﬂ a liaear]
¥ .
COM&)“[\Q‘HO'\ Dt» et S, .e., t e 7—‘- "\;e’i W‘*l\ 7\; = ﬂ(ﬁ;) i Te See 'W\\‘L’

note C(Q:‘\: 27\; QT(Q:\ ¥ 7“)' To  show Mde()e.nde,nce, 4 C-‘—OJ

then %A;@T”xho forall 3. e M=o, a

- Let A: V=W a linear map . Gives L W™ s linear, CoA is linear,

and is en clewment of V*_ Denote A*L-"—' { (A) and

AT WY — VY
(L = A" ¢

* :
We see A is ||l\eqr ;

AY (L vel,ys (€ +ct.)(A)
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L et A V=W a \(near map We (Q“ Ai* . w* — V* Ae-@:ne
above +he Franspose of  +he map A,

A watrix deSCriPHor\ o A"
LQ* €y oy e, he a bas'.s oX V . eT ), e: b? a bﬂsu’s °'P V*
Let ‘Pn A, ‘cm a ‘)QSI'; of W ) {:;’) s .Q: a basis ot w¥ .
"
So"ose A e. = i Q.. % (%)
3 1= .'-‘ ! 23
© Q;
a,, Ct,-1 Qi : a‘) o
" ; . ol g ,52,0'1 £
q'“ ves Q.\:) v anm ° a“.)
—_— ™M Co\uM,\
.

- Claim . The linear Wap A.‘ S

defined |

in terms ok ‘s‘ J E o, {':

W el g e e e L)
N
Proo¥. 1-2'\' A¥ {'T = sz__" Cjtl. Q;
* ¥
m i = * )
{[ A \ t = C.e’ + + Cr\;es
" n fows i
¥ *
Thea  ATATCe) = Cuelcey ving elcey = ¢

Oa +he other hand , recall l’:& Ae-@:n.‘*;fon A* L = ((A), s

b3 ¥ W
A {f(ek\ = {‘T(A)(ek)= L jz-'ql\,k% from. ()
wA
*
i %\ a“‘&‘ JH - ai.k




CH\

Diffecential

Forms Gu.‘“emm X qun<

-8 T s lieear in tts itk variable for

k
‘ 'I CVY is a Vector Space | 1

-3 Tensors

Deb. Let V \;g an  Nn-dim  vector space and et Vk be +he set of al

It—h)p\es (Wi v Vo 3, ™ BY,

ie., the k- R\d  direer sam % V|
A ‘F\H\c"‘iov\

TVE - R

is said + be ll'neah in its -H-k variable if - when we Lix  vectors

Vo, o, Vier » Vier, oo Vi 5 dhe map V- R de fine d L:J)

vV > T(Vl)"'

» ;-| > \J') U;+' P IR n\’k )

is l-‘nea.r,

l';\,...,k it 1s osaid R
~ k

L( h"“'\?ab, or a\krnq*-ive\:s Qa h- ‘+ensor, We write I V) """

the setr of all h- tensors in V. We le+ O-tensors 4o be real now

particolar h-linear wMmeans

‘E,\qu \D\\QI\ ll&l . i.e., Pi'(\j ) = V*,

le+ n, K be positive -'M*egen. A muti-index of n of leng-}-k k iy

k “"“P\e I =09, ik ) of inteqers  with | ¢ ic e n foo o r=l .,
iy, el k 2k
Eq There ere  n™ of mulbi-iadices of , of |e.4\3+l«. 2,

k.

k
Fix a l)QS"3 e, .., e, ok \, For T e /1 (V ), write

Tl L= T(el.‘...,e) )

&

Lor QVQ\":S mutki- index 1 ol \?-AS'H\ k

Pop. The real numbers Ty determine T, e, g T And T

Qare

h-'\-e;\sors an d T; = T!’ 'cor a\\ | O ‘H\e" = TI ¢




CHI Differential  Topms bullemin X Harne 6 |
Pmog' By iadoction en h, Fe  h=l, can  he proved using linearity |
Asssme trve foe  R-1, we now shew trve P k. Fr each e,
define a (h=t)-densor To ¢ (v, v )= Ty, . Vel e).
Then fo v = Ce 4t e, /
T, v, vy = ?‘:’C'-T(\J',) wa Y, @)
0
= '.2:' Co g UM gooes Yoy ¥
e, T determines T
The +tensor product  operation
£ T, s o k-tensor, T. is  an {-tenser , one can dedine a (ke {)-ten
T. © T, \)3 setting
(O TV, ey )= Tv, vy ) T 8% som. Yiig Vs
This +ensor s called +he +ensor prodoet of T, and T, .
For O-tensor, i+ is just scalar  mubiplicatron
Propersies . Fre o ko-demsor T, hu-tensor T kyotemser Ty oon Ve
(Y Assectativivg (T, ®TY T, = T, o(T. ®T,)
() Distiburivig.  A(TOTHY=(ATH ® T =T, &OT.)
(3) Dickribotive laws, (T, +T Y ®Ty = T, ®T, + T.®Ty . it kitk,
T, O(TL+T) =TOT + T, it hihks
c R il ke eyt T2l ®  ©0 . Th |
Too e Mey= Bony o bocuey, called @ decomposable k- denser,
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* Theorem . Le+ V be a vectn space

Guillewin X Maine 1
ol e €, ... €a be o basis of V , e) . Q:' be a basis of V*
X
ks e: 2 e @ =~ ®€: : Then ¢ T is  another muld-index
; A
of leng¥k b, we have
L, 1=3
'S v =
Q& (es‘, e, ej" ); {

. 1#]

with basis e

vy e

be an ink%er. The k- tensors Q; are & hasis  of

pook . Guen T € LUV, et

*

I

‘T = %Tl el , Tl o T(e;"
1 *

.“\Qﬂ T (est LR e)k— \ & ZL Tx‘ el (es. : TR R e.)n

P\‘Cﬁo\)s\i, we PFO\)eé TSS determine T ,

30

*
Tt\fs skows e.; s are a

To Prwe +‘\e'ﬁ are |\‘near‘¢a indePeAt\en-’ 5 su‘)rose
L N P 4
T = i; e 8 =D B % G €,y Ce; i, &

tea wirk THo=o, o, feoal T

- R@cq\\ '\‘»\erQ Qare 2%QC+\*6 nk multi - n A'.C"S o-(»\- |en3+l,\ lQ

\)asfs vectors in  +he set §e: kl . So We ?roved

C"”““'S- L¢.\ Vv \oe @n

n- e\.‘menso‘ona\ Uéc+¢r SPQ(Q .

iy S )

k
spanning set o yectors for L V),

, e, and 0k ¢|n

15 vy,

\=T3_

T'=T,

and hen(e hIz

Thea dom (L CUID =N
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The ?o\\\oac\( oper ation

Det . Let V and W be Linite  dimensional vector spaces and let A: V-

be a L‘near mu?PinS. g8 Te 'Ik(u)) , Wwe define
A¥T:- V" - R
o he Yae 'F“V\C‘HOV\ (v,..,v )y T(AS, .., Avo. ).
FB“NDS £TOM Hae l‘ﬂ?&f“‘a o A ) 'Hr\.'s ’C\N\C"’\'OV\ 'S hl’\ear in its )+k

Variat‘e F‘M‘ ﬁ“ 1 ) a'\d kence Q l(- +eﬁ$°‘- . \De m“ A¥T -H\Q PU“‘)QCk

of T by the wmap A
Propo Sition | Tt\e W\QP
A - TRy - TRy

T oo AT
is q ‘Mear M“’FP'."ﬂ.

ok AT (T 4 ey = (Tow eT0) (A, A

= T CAY LAY Y e T, (A, L, AV ) o

Poposition. For To€ L5(w), To € LW ) we hase

A* (T )y=A"(T ) & A*(T.)
PrRY, AT CT @T Yo, v, ) =2 (T ®To ) (A, o, AVpiw )
= T OAG 5 ey, B9, YT, CAViar s oy AV ) = AXT ) ® AXCTL)

Proposu-.‘o,\_ G S S P vec tor space, B:U — \ & |.‘near ”‘“PP""j e

(AR T = R*A*T.
prook (ARYY Taw, % Y= T (AR, o, (AR W, )

*®
= A T(BT‘.---)BV\‘ ) = B¥ A* T(U\)"'»vk) v
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-4 Al +e,rnc\+inj b= ded seis
?ermuhHons
Dt’% o Le‘i 2 v hQ 'H\e ‘a.- e\e ment  sed S G = .\ i,

oL order k s a L.‘jecﬁbn d > s zk )
« Given twe Permu‘h‘h‘ons 2, and 2, . dkeia PrbAuc'\' 2,3, iv +he
cow\PosiHon o-? 3|, 25 N ( a‘u‘))'

* lwverse Pcrmu‘rqhon . 3 c.‘y:i ES 6-'(3 y= 1

v Lok Sk be He set of all fermuﬂt"‘v""“ ol order ke , called the

permu’rql-.’o,\ {rovp o ZI‘ , or Hhe sywmetric  qroop  on k  levers |

Lemmae. The Joop S, has k! elements .

proox-, For every 1 &€ ¢ c:) < k and |« £ ¢k ) AQ'CMQ +he  4rane

i (=1
“hy ety = ii £ ]
¢ L+,

1% j sSq%l, 1;'3 s called an e\emcn-\-arﬂ +mnsPosi'Hon,

Base case, k=2, 3€S,  dcky=;

Tken t;,k&(k) = tl,l(l ) = 2 'por

2 ) i.e., &(Ckh)y ma
kh 4 + and th switches i+ baele . So Ty, ke 3 s Zk_‘
o dvctive :  For any h Tk ek i .., . assome has (hk
permutations. Thesw Tk has k choces on i 5o +otal h! perm

Theorewn . Every ?erw\uﬂ\{-ibn in S can be written as a produet of (g Linite

nomber o ) MASYos.‘-Hons_
Proo‘F. Base case. k=2, S.=4d, dnr=2, 2y = i: {'c:;’t“;l‘
(ndoctive . SUPPQSQ troe Qw« k-1 . G tven 3 € Sk . 4hen 3¢k ar

implies Ty 3c¢k) =k and vice versa . S, ¢, 3 3 4

Pcrmw\ﬂh‘o.\ ok zk“ el

I3 G Sk l\as b = T".'k (-t_,-“< Z ) -u\vs 'S A PPOAUC‘} o-@ -h\angPo

eeey b K A Permu*t\‘h'on

can be writtes as -kausPosr-h'oM' Bu+ “"“&

P0 b tion

P.i
1 il

utations.
Q

g1 +iong
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Theorem . Every transposition can be written as a prodvct of elementary +eqnsposn
e B o= gy Thya Tiag

[1] [Jh-,l;[‘ﬂ
L&
III l,(ljlj_‘l._\n)
N EEn
[1]..- TJ |- [;-\{;\\n\
Base case . t’l',n'*\ is an e\emenhnq -H‘Qb\sfos.‘h‘oq_
lndoetive . Seppose Tiga B & product ok e\emen‘tarj Transposi+oy
“\u\ the Lreq\: Jw,,\ of t,‘-:s que Conc!uées +he l\«-woﬂ\es.'s,
CDM“Q{‘S_ Evgrcj Permu"'Q“‘l'OV\ can \oe writken as 4 'PFOA\JC:\' O-c Q\Qmen‘\'ql‘g 'h‘ansPoﬁHons,
The siqn o & permutation
Def. L es Xy ey X be e coordinate ‘Fvneh‘ons on ﬂ}h . FRe € Sk, AQ'P""G
& T x“') = Baul
-y : = " , +he sisn o'(: 3,
\‘l X‘—x.j
EKQMP\C: b=(‘2)' 3(,, X;, x-s:
(—\)zza Xa-%, ._x’-//xl. rt/xl se
X, -, x'/"a x,/(xs
& =(1 > 3 , (_l)a‘: = 217/72; . ey Xy x ;- X, = p
= Lt % FE0E Y %, s x, =~ x, x/q
T 4
Claim . ®e 3,T €5 02T =y (-1, That s, +he sign delines a
l\°M°M0rPl\|‘so~t Sy = §=1%}.
P - "
peer SR Tady T Mg T T e X x
e T
~ -“— xl(P) 'xzfg\ T A AT <T(j ) f:-[(.‘) =T )
= - (-1) K ' ’
P<q XP - xt o+kerw.',q' ?:t(j), 4=tk )
= (-9 (ayE
ProPos;-Hon_ TE 3 s he product of an odd number of +mns[>os.-+.~ons,
(“')B = =1, O‘H'\e,ruu“se_ 3 (-\)2 = 1.
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Alternation

4

Def. Let V be an  n-dim  vector space and T € ’I,k(v) a h-tensor,
Fou 1 €5y dedine T3 € 'I,k(V) o be he k-teasor
3
T (Vi) ., V) 2 = T(vz“u\ y vz"ch\ h
PNPDSf+i°'\ . (‘) ""P T - CI ® .- ® (k . C' (= V* ; +hen

b
T —Ez(\)®'”®€zu‘).

ook, 1 - v
vy v )y = T 'y 0 Y3 ey )
= ¢ (V
L2 T ) Ch(g&"(hs )
Sd ld (" \ - HQ_.‘ Tz - (v &
{ i = )

(2) The assignwent T > TP is a linear map ’Ik(V) - 'Zk(V),

{””{L' ¢ = +
(T.+CTL) (T CT‘)(-D-Z"(I) e 171.4““\

= T - e V.
: (v—& Gy ° ) B"(h\)"'CT«(‘;z-'(n.---»v&*(h ) Q
3y (8 T €S, T = (7Y

ok, lee T =60 -00, T%-= fz(o ® .- ®(;<k>=6'|®m®c"

T = ’ f B
(T;\ («g(\) @ - ®Ct(h) = ( Z(t(\\) @ u-@(&(t(k)) - TI'C‘

!
sace  Legy = iy,

E‘amp\e.T=€.@€;©€,®()q, T=(l213), T=(213 4)
T! = { ®ly ® 0 ® (g T %% 5 e ) AT INCA NEANATA
<oy | Tl TeTwy
(MY =0, 6 ©6 © TV ey, ania ) L bea fonflewy)
BT = (232 2 4y = (12)034)
T3 = (32 34 H>C U 2 3)=(1332%)
T Lol ® [, ®(,

Def Let V be a vector space  and k>0 an ‘nteqer A )

k- +easor T € ,I

is a\*ﬂ‘nq’\n‘nﬁ& if T1 = (-1 )3 T o ol 2 €5,
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12

Ded. Let V be a vector Space nd h & nonnesaﬁve v‘n+eﬁe,r. The
gven TE€ 1w,

k
alternation operation on L (V1 s defined as .

M (T) = 2 (-anT’
TeS )

Popsition . Foo T € T vy Ze% .,

Gy At (TY, = (AT A (T = (AT

peok Ak (T = (5_ (_”t-\-t\‘: it (7_ p e 3 Tza>

TeS, TESy

I

(-1 (%es R Tu\ =0 AT

ay 1% TEA" (yy, Hen At T=k!T.

prook. 18 T e A%cvy,
At T = X (-\\z'\"‘ = Z (—\\t(q)tT = k!T.
®

1€ zesv

3y (A 'T\‘ = A% (T?)

ek Al (Thy= 3y (Y- L T el L

TeEs¥
3 3
= S GO TE 2 ) AT ) = (AR T Y L
AL ESF
&) The map A\’c:’Ik(V\ - 2%V  is  linear.
T AT

PTMQ‘- At T = is (-n° Tt, T w» T° is linear so At T is linear,
1eS,

Kk
( This alse condudes Ak(\n Le""& a linear subs’)ace of LT (VY. )
Delt . Le-\— l-= (;‘,...,;L\ be a mul+ - index ol \enS'H‘, ,\
() 1 is repeating ¥ dp =i for some 45
(2y 1 is $‘h‘ic\'\\a c‘ncreqs.‘nﬁ it \" iy & e iy
é

(3) : . .
e 2 Gsk, write { :—(‘l(\).-":'&(k,\-

Remar\(, 1fF 1 i Mn-repeqh‘ns_ there is a unique €S, so that 1&

is an'c*\ﬂ increasing,

bﬁl)
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* lLlex e, yony €nh be a basis of V , and letx

’ Pro\>. ) ‘\’13 = (~\)3"Fx_ )

proot . (e}’ = &; kS = Eayb

\ 1=7
."\"1(2‘-‘ T %
' R % o
I1+J
»
| P\‘Oo'v'. ‘\’1 (es.'___, Q‘s\“:: A‘e(e; y:i= £ (_‘)t(e{ 312 s (-\f(&-g.)
TEéS, b
T »®
(S'.L (=1 (elt ))(ej“...,esk Yy = | Q-F It :3 .‘,‘c,. some ©-

X
let T obe i RRCu). € e a hasi b LFcy), s

Cm.’\lemm j‘.rrm\-'\ia-'ne A 3

e;‘ = eaf ® -@Q* , t\fliz A\*(QZB

X 4 X

‘e "ok

W ot= Aw (e'l'2 Y= A (el ) = (-nfawcel Y by previeus (1) 3.

@y 1o repeating ¥ =,
y with i =27 for rs . Then it

*

FO&Q— . SuN)bSe 1 =0y, ..

k

T:= T,
|"|"

* x
then €y = e ;—;T-P'I :Ip-l‘ .—.(-”tqr: ==Y, 5 ¥ =0, o

(3» \& 1,7 are etrietly increasing

But 3 rs S'h‘l‘c“’ltj l'ncrcasv'n%, S0 lt must bﬁ’ S'H‘l'd’\b\\ |'Mc¢PO$I"'3_

m . . ‘ =
T‘\ere-gwe, ;4 ust be +he IJQA""""‘A an d q’x (es', ""eik\; { _ 1
O 143 o

% 2

Te AFuy & k!T = ARCTY. Tha,
T: W A\’c(f;'-“:e; ) = & 2 9 Atley) = Zby Py

; 3

T s S'\'n'c-\-\j u‘ncrquns_ S 1-\73 = AL (e; ) = At ( e:a \ = Alt (Q; \3 a L"Wl

. les' we an  wpive T as & sum T =z‘-11\"1, W-"\"«. 1 $+ﬂ.d,\(_8
1

increa 5""2\ .

J
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 Claim . The C{S are unique.

we kQUQ

\)"00‘\‘, R 3 9“‘\'-'(—‘\'\3 increasing,

T(el. s s 23\‘3 = 2&. C;Wx (33‘ » 5 &5, ) = G

T\ere-gore ) ik 51.' C1 -ﬂ{l =06, ¢ =0 Ve '-P"x_ are lt‘t\eqr\:s -'nde()@\du‘l

Previoos\ts' we howe d l\?& is a S?anm‘nr% set  dor ’A“(V) , -Huu,‘

Cys are unique .

And as &« resolt,
ProPos,“HoA, T\Nc Ql'\-crnah‘ns tensor s ¢l witk 1 S’h'lc.Ha .‘ncreasma, are
/3 bﬂsi; -Por rAk( \ ) I

- Thus . dim PA“(\I) i« Jthe Number of s+r.'c+\j increasing mulki - in d

(4 K3

: 1 of \U\s*‘k h, whield i (:) ) -Lk.*nkmca o "‘ﬁk-‘n«a a sobset of

k elements oot of 1 glements

1 k>n, for every muth~ ipdex 1= (i
and IA\‘(V\;C‘.

, Tk ) We have 1\’1 =0




i
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15 The spree A" (V)
The tmage of the alternation operation
A : M5 vy = LR v

s ATV We will compote the lkernd of AWk,

Det. A decomposable h-tenser €, ®© -~ ® f, witlh 4, .., (e €V,

is redondant i Por some index i we have i = liay . Let 71“\)‘(1’1"(\/1

1
be +he linear spaa of the set of redondant k- tensors, Set 7 CV):

1
o

Proposition. I8 T 6 1HV) | men ART =0,

proek . Jer T = (, ® .-, wirk b = it . Ser T =Ty .4y, Then

TV =T, (0 ==V se AW T = A(T®) <A T,  «

Pmpo,;+;..\. % T e '1'(\,\ and T’ € Ay Y. then T T, and T OT
are in 1777 vy

Prood | Because -re"Ier\, by definition, T is decomposable @nd

E - ?,® ---@(r witl f; = (.-.“ "P» Some 1 Then

’

TOT = 6 © @l ®T i redondant and similarly for
Te T, u

Pro?osli-ion. 1€ Tenk (V), 23 €5S,. 4hen
i dn T5cvy .

T8z 1T +8  wler 8

K
P“°°¢. Note eclements in L can be writen as a linear combination of 2:

and  therelore (\ecomposa\;\c. Tken-(‘ore, we can work witlh decomposable

tensor s T = e. ® ---@t’k and prooaecl He Proo-c— witl n'nduc'h'o').
A &= T

Base case, T=0C ® 0, | T = (-H‘T (Lol +hy- 1O - (. ©f,
Sex 35Ty 4y AL CIRLE G @(e;(’gfi«v‘*(:«—u@ei\@n
T\ = (| @ @ P;.‘ i Ta.= (H'.\ @ ® Pk . TlM'S co"c\“&fs

the base case +hat Tl.-_(-\)a T+s &£, ¢ '09—"'\3 Tl




CHU | Differential Forms |

Guillemin % Haine
|

(6
{nductive $\'e_Y .

Since & can he writen as m e\emen-\-art\ Hran sps
;

> Sitions
/7
We QsSume

i¥s frve Qor =\, and show

e m case,
let 3= Pt , where P

heS

a ?Nc\oc‘\ o wm-\ elementars

transpositions , and T i3 aa g\emenwra rans position. Theaq

T2 o= 1 2 GFT®Y ¢ 8, seT
(—\\"((-\)aT ts')+ S,
By daim 1.4.9

n

s'e 1,‘ (V) L‘ﬁ L\s‘?ofkesis
NN = (T s
T = (—\)t(-\\pT - (—\\“S'-\-s

k
= (—\32 T+s" "= (1)'s %9 el vy
Coro\\ar‘s. T G”L«“(V\,‘Wc" Ak (Ty=k!T +W WG”‘-“(V\.
root . .= S AV TR = 3 (1N ((or o3
P My = 2, T Z, (T + w,)

3
== Sy W= RIT+W W= Z (V) W,
(aes,‘T \) v isk( 1) £ ’ aes, ;

C°ro\\°\r‘3. Le-\- V be a vector S‘:»ace and k>

Then
|

T VY = hee (AR - L¥CVY) = BF ) ) |
{;rooi—_ 1¢ TC—AI“(V)’ H\en A\{(T\:D Qs '()reuiog)slqj 'PI'OVQ&

/’T:"\.\A)
1 AR(T) =0, Hen AR(T)= RIT +W=0 with wet“wy,
1‘“\90"’—\“. Every element T e A¥ W) cen be written vniquely as T= T +T;

Were T, € A%V y, T. e vy .

()\‘oo{-, Given for anyg Te "‘th\)\' we have

T= A - qw,
i

To sl\ow T

AR (TY = k'Y

+W , so we| have

where T, = AR (T), T = W.

n

T, 4+ Ty s onique, i+ s

+the same Qs +o
i T=T 4T, Hew o=(T -w
v

'&’Aow

YVA(T, = TJ) wide T,-T
it

e

i T AT, =,

1
0

and Tz‘T:.’ =0, Thet is Hhen :“—.l “:“:z:o-

Bor b AR(T 4TV =® sen oo AR(T) =T, implies T, =0
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T

Del . Let V be a Tinite - dimensional vector space and kzo. Define
Nveye= Ly 7 4R,
Kk
ie., let A* (V¥ ) be vhe quotient of the vector space L W)

+he so\os?ace '1k(V\, Recall there is o linear map
: UV —» V[/W

by

v UvaW

that Oops surSECh‘oe\n onte VW . Thus, we have +he [inear map

T '1,“(\” —"/\*(V*\
T = 1+ 1%,
whiclk is onto and |as fik(\l) as  kernel .

Theore . The wap T - ‘thV\ — AF VY mep s "A“(\n \o:Sec'Hve\ﬂ

onto AF (V¥ ).

Jprao-Q_ E"u‘ﬁ "1“(\)\ wset T-\-ﬁl_k(\” tontaing  a ovnique element

T, ot AAF(\”- Hence ";‘0-" every clement ot /\“(\l*), there Vs a

Unique clement of "Ah(\))’ that qets ma?peé onto /\k(\J'v) "’ﬂm'

Rewmark . /\k(\}*\ ard “A* (V) are i$°W\orP\m'¢ vector spaces.

s
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16 The We A%e Product

Det. Given w; e/\k‘ (V*Y, +=\,2

Sin ce

£ evy - AR (y*)

A '—'T«"i“cvy

we cay find @ T;G"I,"'.(V\ witl, w, = (T; ). Theu

ks
T\QT* eﬁLh‘* (\1\

The wedqe Qro&uc.’( w, AWy is defined \on

B, AWy em LT, ©T, ¥ € A"y,

of T, and T..

prook . let w (T )= w (W)
Thea TOT. = TO®T. + W T,
Bt W, ®T. € 1™ (yy

w

So

(TV®T, )= lT T )Y,
(O )= (T DT, Y,
More generally | lex w, e A% (y*) ¢

T e Ly, Debine

S:w\\'\e\r\t& .

k, + k
w‘ A w‘ A ws e Ah\‘\’ X 1Y (\]* )

\,3 se)d-in\ w, AW, AW, =T (T ® T, ®T3 Y.

show His s we\\~é9Qh\ed an d

\”\A\&),{\\,\)s~

-~

Cw, A Wi YA Wy =T WA (W Awy ),

TN(W AW, Y= (NW, ) AW,

= WO A CAW, )Y,
proot

| AW AW =2 AR(T, ® T ) = T (AT ®T, ) = (T ©AT)
(Wi+w, YAWY = W AWy + W, AW,

w, A(w‘.‘.ws\ = W, Aw, + W, A
Pe°°¥° (\U,-!'W‘)Aws‘

TL((T| '1"';) @Ts) = rL (T\ ®T$+ T‘ ®T$).
Same for ke rc3k+ distribotve \““’.

a

, !
| . '1 (\)\:O, there is no redundant L-+ensor . Tl\us, ,\‘(\1*) VY= ,\L‘(\J)

=1,2, 3, and \er w=w(l;

Similarly , we caqy

Claim . This wedoae produet s well defined , i.e., dees not depem\ on cho

k
L. Then TV = T o+ W, o oseme WeT QU

a

Wy

s
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et by bl eNVF =AW IR Tl ®@®(, , thea
B, A Al = m (TY € AT VYY)
(dled @ decomposable elemenr of A (%),
e 365 . A AL =0 A a

ey ik )

preof . We have showed Mt for al T e 1¥CV)

b

T= 9T+ w
for some WG"I“(\J Y., And =™ s h‘neaf, So

TP 2 (P RCTY + "W = (=) ®eTY .
*  T=¢ @& -0, T*-¢ & - & C so

2¢)y 3¢k ,

3 -
w(T) = {Lu) A A (bck) :(_n‘ {',\---A(g .0

Theorem . ¥ w, e A" (V*Y o, ¢ A CVUY ), Hhen
W AW, = (F T WL AW,
prook  Sufbice *o prove for decomposable elements w, , since w,:=w(T,)
and T can be wriben &5 a linear combination of decomposible elew
and use the linearitq of 1. Thus
woAw, = (LA AL YA (L] Awadgy
since LAl = - AL aad mev ing ol Cokiony o8 By o
involves T operations Thas, w,Aw, = Py T B A wy, -
“letr @y.,e, be o basis of Vo oand ef ,..eX po ahe dual basis of V'
For every wulti-tndex T of lengdle k.
ef A e:: = (el y=x (e ® ... ©e} )
Theorem . €7 A cAe = w(el ) w1 stricly Increasing , are @ basis of
preet.  The cdements ¥, = Ak (eg ) for 1 strictly creasing | ore basis v
for AUy, Se TUW, ) A basis vecters o f A¥ (V¥ Y since
Theorem 1-5.13, m s LY = A%(v) maps MAUV) bijectively 4

T‘\fs co'\C\DAQg 1\,(2:) is a basis od Ak(\l"') since

Rats,

A" (")

e Chors

A¥ y*y

e

d 2 ¥ E |
Wy s w (Tenief ) =3EN" T (Gnted)) = kT

1)- 0
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T The interior ‘Frocluc\-

This section deseribes

Del.

anoﬂ\er

Let V be

a vector SPG ce

-Produc'\- operation on /\“ CVr).

and k a non-neqative inteqer . Giiven

Te “LV) and veV, let

U be

the (hk-1) - 4ensor

which “akes

k -
LTV vy = S T T, Ve s Ve, Vi)
r=y
on the (h-\\'+u?l€ °‘> vecters |
From  Yhe delinitian, i+ follows  +hat & VEV V., T=T, +T,,
0 T Y g T b, AT SLL T,
Lemma. & T is  +he decoMPosaUe htensor £, ® - ® Ly i then
k o A
vl = rZz\(—\)r fhivytl, 0~ 0l ® ~©fl,
«PPO«)Q-. ;= R (-
"v-\-(v\)"'.v\‘-\\ ‘ rz-_-'(-') T(\T.,...'\Yf,‘,\T,\)r)‘__)\)k_")
S O I NP RN SR
Z ) ) e O3 8 ) )

k A
= I ) e (Lo -0l B, ©- QL)

= :
P
Lemma, 18 T, € "L (V) and T, eqbcv)  Hhea

"v(\T\ ® T. 3=L\‘T1®Ta "'(‘\)P‘T.Q)\'\,Tt .
AL
2 ("\ T|®Ta (‘I\x--- v, vV

» L i
r=| i

preok. v (T, ® T )

ri

(s ’
r=\

%’ £=\
% 2 (-\) T‘ v,

=P

R b
WTOET -y T ®© T

y

Ve ) T (9,

N y Ty

i 0 [
= (=1y (9, -, Ve v Ve, ...,\J'P_|\T;(V —

Pﬂ,-')

\Tr_‘ » 17) vrn'

Vel
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Lemma. Ler V be a vector space and T € "1_,"(\;\_ ’\Lu Qr all ve

1'\/ (1\IT\ =O.
Proo’?—, Sutfice +o prove this  for c\ecomfbsal:le tensors due 4o |Mear.‘+-d.
Base case is -\-n‘v:q““ tree <ine x4 Sommation of MH\M%.

Assgme Trve -(-\vf (k- ) - +ensors Then

W@ B0 Y= v (Lo @f, YO+ (-9 (o-0l8l

Wyl @ =500 6 - ®fh.,)®l)
kS ("')k—"v((‘®"‘® eg..| ®1’v{k)

= "v("v (¢ ®-- @)e"_‘ )\ ® ek + (‘_‘)PQ i (L, @)...@(k_‘ ) ©-, ek

+ 0Tl (0 8-06)) @1, b + (1 10-B le) @
The secend and Hhird *erms @neel out, se we are dene. q
Lemmq. " Vi,v, €V, Ly v, = =2 4
v Wi v, v, -
Proot . Set U =2V, 4+ UL, Thea Yo =Y, 4 Y.

vy & (1""*—1"’:. )<lv.+vv;\T=o
[;\(lv‘ .qu ‘\. 1"LLV; Al 1V| LV; + 1V>xvl) T =B
£ ‘L\h\«\,> | = - ’Lv;'bv‘T. : u

© Dow we show how +o  defie the operation 1 on ARCvT ),

L emmq . 1f T € '1,\‘(\1\ is redopdant , So s 1\1‘T-

ook Let T=T.®@(®C®Ta , (eV*, T, e Lhv), T. e 'Liuwy|

Then LR (T®(®LIY®T, * ("3?“1'.@(@(@1\,'[’,
"
=,T ©LOLOT, + -0 1,0, ({0 )OT. drep ( redondant )
drop

However, 1, (L®C) =1, 0 ® ( + (-1) £ @+, L  and 1 {=C(v)

S ZWil®ey=z fwyl - (tivy=o o

LY ek)
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" let T be the projection

e vy — A"V

T = T « n*ev)

of  M*CV) onke AFCVF ). Fa w o= RCT) € ARCVY), defue

tyw = W, TY,
To  show +he AQQ:.\;HM io well- defied . note f w= W(T, )= RCTY
thew T, -T. € "'[k Cu). So is vy (T, - T, LQ e previous
lemma.  Therefore .

lay, T, ) =T, T,

- Se we can define v, ks o knear map .

v AYURY = ATy
caled the interior Produet operation,

For v, v, v eV we/\"(\l*),“’.G)\P(\/*\,w;el\%(\l'),

3

@ L2 =1
v.-n),_w o Ty w

¢ xv(us\/\w;\: vy We AW, 4 (-\Sftc,f\t\,uh

e 1, (v, wy=0

N Cn ¢, A~ A tv_ AQCDM?QSQ\:\Q' we  have
.\: c=-\ a
ww = Z -0y g A AL A AL
=
5 1.? w. = e_” . < 1 \
1 = €. A A e. L1 ¢ .. <l ¢, +he w
v, Wy =0 it \‘Q 1 since e?;(@s):O for :)=|,...,\4

r-! N . . ¥ i b
pg:\ Ut)1 =(-1) u)lr it 1 =1, since e;r(es\z\ w hen A='e ¢l
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sl\.% The \)\)\\\mc\‘ operation on /\k(\]*)
i V,W : veetrer spaces

A N — \A) , \inear map

Guvea o h-tenser 1 € qf“'\)\,

(A*THYG, vy =T (A,

e, AV
. .
oM vy,

We will show how % define a similar ()\-\\\\)Qc\g operation on N o
Lemme. 18 TT00) fea AXT € 100,

?rob¥. Suffice 4o show this whea T @ a redundant h-tensor, Thes

T=?‘®"'®eu ' (rG\U*.

€= Gy .
We Wave

A (T ® T.) = A* (T ) ® APCT Y, by 1309
S A"T v redundant since A¥Y € = A? Cim .

Led we/\“(\&)"\, w =’ (T)Y, Te“L“wo), Delone
r2)  ATw = w(AYTY,

Qaim. A¥w s wel- defined .

preek. I} w
AT

‘L(T\:Kk‘\-'\. T\v\eo\ T=T'+S ‘Qw 36”&k(\0

AT A A*S 9 A"w = TwmATTY =

T (AY T,
?r°\>. T\v\e mip A*-. /\v.(\A)*\ —" /\\‘(V*) is l\‘v\ea«r' and
g = B

k; ¥ ¥ ¥
) if wie AT (WTY, P, then A (WAWL) FA (WHAA (W

Lmea.rﬂn , w,=wlT), w. = w(T,),

A* (W +aws Y2 T CATCTI R ATLY) = ROATCT ) +AATCTY)

(1.6.1 -
A*(Wd\wa\ :ALQ'L(T' ® T. \)\'il) - (A,‘ (T;@T' ‘\ (3.9)

-
-

A¥w, A AY w, . 0

Yhe ‘?u\\‘OQC,\Q P\*T is the h-*e

nSor

!

2 ).

Wy 4 AW, = T (T,) + 0 IA =T (T, 4AT,)

=  W(A¥(TH) ©AT(T))
(1.g.1)
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(2)Y it U is a vector space and B:U—-V a [tnear map then o
w e A"W), BIAYw = (AT W

YA* w:iz WU XX i) T (ARY® —y .
Proo%. B (B*A T) = (CAR) |) L = (AB)"“J'. 5

© Dow we vse the ?o\\\oac\‘ oye_mﬂov\ to deline determiant.

De®  Let V be an pn-dim vector space Then dim /\n(\}*)"'(‘:\ i
-\'\\As' it A: N>V is a \"'\CM‘ m“\’?""‘a , Hhe induced ?O\\bQC—‘: maffinﬁ
A AN Uy = A(uY)

s just wmultiplcation \’3 a Constant, demted det A and call o+ the

ée.%@vminaﬁ °¥ A . 33 Ae"\'t‘r\"'\‘\‘on

A¥w = det A(w) we N (V¥ Y,
P..b‘,. \f A and B are linear meppings ol V  inh V, thea
detr (AR ) = det A dex &

(ARY¥w = 8% (AY w) = det D (A™ w)

oot der (AR (w)
det B det A w

)

Pro?. Write id V=V for the ;‘\“*‘“‘6 map | Thea det (id  )=1,

proot.  Because idY is the identity map on A"Cu*y Y w o=, They

{At W dey (;Av Yw =w D detr (d ) =L a

?ro‘;‘ & A:N =\ is not WrSQC_-\-.‘\'Q , -\—ke,\ det A =0,

ok, Let W be dhe image of A 1 A s net onto , Hhe, dimWN <.
r g B

so A" C(W*)=0D (ot the end of Sec |4), Set
W — V iV — W*
w = W w o W

CPTIL
A':iNB- Then for any W GAn (v*),

w = (iwg)*w = B""; w,

Let
B: A rejarded as
A Mmapping from Vo W

Bu iy w € AN(WF)=o. so ATw =o. Thea det(A ) wW=0.
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Matrix  Sormule for determinant vsing  wedqe product

U, W. n- & vecter spaces Witk \aos e

1

amA ‘F"
V*) \A)*: A\)a\ sFchS witl basu‘s QT and %c*

’

L
A: V= Ww A's = 2‘-‘“'\,:\ ‘S;

A : Sonction Clinear ) Semhv\% e, +o iq

=\

e §.. ar\oaﬂaroa besis L& V. W
q.-.j . ""\Q_, ;S - eﬁ‘h“a oQ. Q maq tri x M
Rqu\\ 'C\-ow\ Sech‘o.\ 1.2, where we Ae-(\-me& .

AY L = Lop
Therefre  for o linecar Fonction al *T

’

Aav : (2-1\—’—{;*DA(Ql):’f?(iak'.}{,k\;a‘-,i

¥ ¥* ) % ¥ (¥ ~ N
A {; = E;'ckﬂek, SD A §‘ (e")\ "C’,| ' Ie-., C)"“q"i:\‘
Thae, p*¥ 40 . A x
i “2=|a‘ kek .
Consi der Mow A ( {‘. " A 'Q‘ Y, we st showed that
* ¥ ¥ *
A¥ (T AAss Y = (A"EP YA - A (AXE0) .
> * S e ya x
- ( ¥=‘q ) |eV-‘ ) A (E"allvl ]A o A( k”‘\q n,K.ekn§
= o Q Q cen @ X e*
s e MR T ek G A RS
* .
1F the mutri-index Ky ,.., ka is fepeating | the, ©F A.-A8, s 2er0,
1{1  is not l’ePGQ'h‘ns , then we can write
ki = 3 Ci) , ;:‘) ey n .
¥ - T * = b * p X
So AY CET A-n §%) ses,a'.it\) B ayy “ Ty Bty A A€ aen
%
Since €3y A A e:(” 5 (e’: A--ney )3 = ()° efn .- -ney . we |kaye

v ¥ 3 ¥ . *
A ('Q\ A s A&:\ = ?‘esn C=Xy al,t(\) aml(n) e, N A&

A .

we have A Y = 7oA T

l.ﬂ

= =l
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det [, = z. C-0)° O o, Qaicn, |
whick is the determinant of the matr: < Lai ;1.
AY (50 A A 80) = dev [ Te* A ael,
B V=W, 6 e =48, tha w=el Avnel = A aAdy. Fom
A¥ w = der (A w
we <can concdlode Yhat
A*w = AT ($FA -~ AEE ) = dex D\ €] A aQ)
2 det LA 1V w = der (A)
So we have et L8] = det A |

This s the Ae*erm'oaﬂj \ Mis is e determinant oL e lencour
of e watex [q,-.ll operater A |
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I 9 Orientation

DC'Q- 1'? €CRA is Q (u'ne ‘\"Arougk 'H/\e Ofl's-‘n i ‘\“/\en e\""}

has ‘wo (onnected componeats and an oriestqtion of ( is a choice

of one of these components
1+ L ¢ a one- dimensionql vecte r space, then L N Ao} consis

of +wo components h“me\ﬂ' i v s an element of L V0%

then +Hhese +wo comPonenH Rre

L‘.—_'}Aul?\‘fo" )_;’-%7\0'\7\‘0\.
Def. Let L be @ One - dimensional  vector space. An orientaton

of L s a cheice of one of a connected component of LN go}]

The componen chosen s denoted L. called the posi+ive Componen

o8 LN{ob, and the other component | 4 4. neqative

com?onen+ o{f L\ §°R .

Det . Let (L,L,) be an eriented one- dimensional vecter space .

A veckor v e L is positive oriented i§ v €L,
Def. Let V be @ n-dim vecter spoce. Av crientation of U Vs a

orientatisn ol +he one- dimen sional Vector space '\n (v*).

* One important waq of assiqning &n orientation 4o \V is to chosse @ basis,
€y .. @ o V. Then ¥ e, .., 8 is dhe dual basis,
rient A"CV* ini

ofien ) by requiring e

of A" (v*y

we <an

A s /\e,: be in +he ?Dsi'h've (OmPoneM

an ordered

De¥. Llet V be an oriented n-dim vector space.  We say

basis (Bis w00 €0 ) o V s Pos:h've\3 oriented if ey /\-'-/\e: is in he

positive  component of A" (VF )

+s

-

=
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. Qo\»\)ose 8, «+, Bw @nd {3.,...,&:.. are  bases of V  and
z
e. = Q. i
. VY uy {:‘ . .
We jost showed that (1.8, (o) §iven Aey = “.2:\0'.';.?;’
A CF5 A AETY) = dex LA Y el Apel
f
There fore, given ey = glai':\ Q_‘,' we have
-
¥ w“r W A .
{Feey = f (,‘Z:,“k.ﬁk) =y
S:milar as before, we Use Hiis relation ‘o discover| coefficients of
- n
.f_* r = 2 ¢ e ¥
' K=t K,k .

Us.‘nﬁ fhis -pormu\a, “we have
n
{».* (e;) =3 ¢ ef
| k=1

¥* |
. e ' X
This  shows {,'_ = FZ\ @ . es .

\

n n *
* - * a e 5 a e H
{" A A ‘(:“ - (5=‘ l.“l k‘ \l\ A(k“-‘-l “/kﬂ L
n
2 Q“k q, 2: A /\Qk
1L Ky ek £ ( 1 &y 1 "
B & e e*Anef
= is (=0 A,z 77 %y, a0n) O "
"
*
= det L&, Ve Ampel.
Sy Wwe @n conclode .

P"P- 1€ e,,...e, is fbsH-.‘oe.\g oriented | then {”._.' {ln s ?“‘H"Q‘Q

oricated i and on\ﬂ

o+ det [ Qi,jl Y ?nsi‘!‘-‘ve .
Cor. 1§ @, .., e, is a positively oriented basis of V, then +he |basis
e| ) vy e:") —eu‘) ef‘(’l) ee en
is nesqh'ue\s oriented .
”, . / X . S
PT“Q'. Denote +he new basis as  €7,.., e wirl € = €4 R

Qf\d ejl‘-‘- 'e‘

g% fei Thea L8 = [Tnl e \ B ek Ly s
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To get *e discuss orientation on +he quotent space , we first look atf .
(2.1, Let V be an n-dim vyecter space and W @& k-dim vechr
space . Show +hat there exists & basis ¢,, .., en of | with e
property Hhat €, .., @p i a4 basis of W),

’Pf°°¥- Base case . Su"ose n-k=|, Then $€, ., €% s a basis of W,
and {e.,...)e,‘, vy is a basis of V  for any v €V\W,
lndvctive step . Soppose true for n-k  now show alse 4rve for
h-k+1. Let W= spanie,,..,e,_ b then te,, .., €., vy
‘s a basis of W, for seme v/ e W\W' By induction hypothesis , bhsis of

w Qn ke ex-&e.;\ded ate @ hq;"$ OQ v.

. A.ir. ghow +‘\Q'f VQC"‘Ors F.. =T (e“.‘» ),

VIW , wkue w V"’V/W is +he quotient map,

e n-k
pl‘oo% . Ln\ea.r n dePM dence . i {' ;

N-k
Spn: YveV, V=w+ 5 be..
el

V=)

Theorem 1-3. 9 Given orientations on V and V/W  ene gets & patural

orientation on W

ProoQ, Let ¢ =n-kR, T be he ?ro]eah‘an ol V ento V/w %3 I W

and 1125 we can chosse a basis e
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