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Cb\a?‘\-u 3 Lwesrq‘h‘on of Forms

X and on\tﬁ it e :n*esra‘

S“ (Cféb-‘: )(x)\ det D {'(x)\éx

exists, I8 these inﬂ%rq‘s exists -Hz\ea are e1ua\.

Sp (v Y := {x eR" | £},

b "éen’ﬁm“a zers ootside of some compact set )

Now set Q to hbe +he rectangle,

[ql;b,l x o x [Qn, L, 1.

© The c.\r\o.nse o{- variable ‘Qormu\a asserts that id U and V are open
sobsets of R" and -£-= U=V a (' é:-?-(legmo.—ykcsw;. Then for every

continuous  Tuncton <!>-. V= R the iy\-\-esrql Jv ¢u3) ij exists

3.1 The Po;,\mré lemma For compad\j SU\)Vor'l-ecl ":orw\s on rec+an31cs

“ Def. Let v be a h-Bem on R"  We define 4he support of v Lﬂ

and we  Saq that i com?adlﬁ supporfe& i SUPP(v ) is compact.
We denote Lﬁ ﬂ‘: (Rn\ he set of all Cw k- '?orm; which are (omPac‘“a

sopported . 3 U is an open set of of R', we dencte by 0SCV)

]_e~\ w = .S Ax' A v /\é’(n be a comPac+\&3 SoPPorfec\ n - form with
{'GC? (R™ ). We define +he inwsrq\ o w over R" 4 be +he vsval

in*eaml of f over R - gww T = jn* {»Jx, Thes -‘m‘ca\‘q\ is

well- defined sine  the in‘rearqﬂo,\ domain 1 LounJeJ (%“l\ws ‘Crom_

e set oAP all (OW\PQC“‘I"\\ SuN)"ﬁ'eA b“"?bl‘mx whose SUfPOH' Y centaied in U,




CH3

Du‘{-\(-\erenﬁq\ Form s Gnu.'ﬂem;n X Ha.‘ne

Theorem 3.2.2 ( Poincaré lemma -Fo;- r?c+an3les N Les w be « COMPQCHj

guwor'\-e& n-form  withe sUPp (W ) < int (Q ), Thea +he ‘("0“0\.\):"\06 Gssert

are equa\en"' .
i [ s
(2) There exists a (°V’\P“°'H‘3 suworﬁ-ec\ (“-\)-_-Porm M with

supp (M € int (G ) satisfying d 4 = w,

n FaN
poock . (Y S 1y . Ll M= Z fodx AwAde p oA dx,

1=\
3"3;

n Ve
T\\eu\ AM: E‘ (—‘)l ! __a__x__ 47(. ArAdX,

(I()---ixl‘*\,\},*l‘f\,...'x“)
e e, - oo |

b s 5 Bt Oy Ry g i
since . is sopprted |0 Q ( By Rebine, we dirst inteqrating with
respect fo x; and then fhe rest. )
1)y 2y, We re()\q.:e R to be U, anopen sobset of R"  and
frove & strenger version ( Theotewy, 3.2.3 ) .
Theorem 3.2.% We say U has property P ¢ & every Lorm w Gﬂv: u
such that juw=o we have w ¢ AQ:“"(U\), Llet A © R an open iater
U hes poperrq P, U x A does  as  well
pook . Lex (x,tye o, o, gy, 2 Y be Prou\uc+ coor dinates on U XA,
Given w e )N CU XA ), we can express w a5 & wedqe product dt Ao
d = &(Y,t)él(, A i N A"n-,
Le Qeuxay,
Let B € Q" (U be the frm

B = (f-f(x.t)J{\dx.A--.Aclx,‘,.
A .

Thea

!MG = I *(’"*’ dx 4t =J W,
3 "

val .

\
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Given U has property| P, B=dv fir swome v e ﬂ:—z (uy.

let P e Cc® (m) be a b”""f function whick s supperted o AAwH'k

J(-’;i Set
A

K= -Pct)d4t A v

Then by 2.4.3 d(W AW ) = dw, Aws + (0w, A dw. | w,enh(b\)
d= PLey deady

Ca w ~ 4K

it

dt Ad - C£) de A B
deA (Lex, )= ety

!
UWlx,ty = -f(x,t)-—(’%)s
A

= Je N (L~ ) )

111

fexierdt)dx, A A dx
Note dhat cet

fox, 6y 4t they

fu(x.b) 2 I{(x,t)lt—fe(t33%(¥,t)ét
A
) S's(x)’t)l‘t'j “(*n{'3c\t =6
Sev A=(Gib), let A

t
vex, £ 7 Ja Uuex, s) Jds.

Then VCXsa)=zvix,py=o. Sice feCuxay, R eC(m)

- J
ve C, (UxAY.

2 (t -

MCQ'\W\/\-"C’ —%U:S};Ka U(lx, sy ds:\l(t.ﬁ) l"q "TC
Let y :\)(X,t)éx./\'“/\c\xn_‘.

v
Then v = 22 (¢, dEAdGA-A dx,

At \

= U(X,t)JtAc\X,An-/\ Ax"_' = w-~dK

So

w o= dV +k) €40 uxa)

st { £ Ql‘"(u *xA) and

Thus, U x A has Pm?erhé P,

e Qi (uxay
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3.0, Ler {‘: R ->® be a compactly sopported Fonetion  of class C"
with  suppert on  the interval (@) b), Show the %\\ow;n% are equivalent;

) g‘: -\(K)Ax = D
39

(2) Exists %\?\ - R o-Q class CH' with wrFoﬁ- on (0,b ) ond 3

?T“Q‘. 0y = (2), Recall the Leibniz'  Role
du

e dv Vex) 8 Ox,t)
—%; KU(K\ -}(K"E)A‘t = ‘F(X,'\)) T;“{'CX)M)T;‘*‘S“(X) —g_;x——é
d X
Thoe e 5 | © Lo S5 L0 da, (x e
ere e, Ax Jg %(’né& f-(x) i {—(x) o Sa ~ ro

= ‘&_—_ S: '&({"3{7 is the desited Fonction supported on (a,

(xy = ) . Given i:-& jh ﬂi’-‘—) = Sb -S-(x)clx
] Qa

d x o d x
. Y
So Ycb) - Jcays Ja foxsdx . Siae g v cupported en

(a, b) we cl b
) , we c¢onclude Ja Bewy dw 28 9

T'Aere‘r\vre, COmb.‘MnS 3.2, and Theorem 3.2.3, we Use induction ©n

int @ = A, x .- xAn A; =(a;, b: )

2

+o conclode QR has Pro';e,rhd P ) Thes proves n = ()

x1
]
-

o n

Lexy.

3 )-&rom(l\
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5'3 Po:ncare' le,mma 'Cor coquchﬁ SU?POH‘QJ -(:om“ on o()en Soksa-\-s o@ [R"

The 30“\ ot this section s +o prove Theorem 3.2.2 + arbitrary connected

open sthsets of B" . We start with some definitions and netations

Defini+ton. Let U be « connected open svbsets of ", and let w,

and w, be compqdlﬁ SUPPoMeA n- forms with support in U, We wm-le

W, ~ W, +o dencte +he '@o\\om:ns statewent ; There exists a cowmpactly

suwor’rea (n=1)- Lorm M witl support  in W and w, - w, =d4.

" Fix a rectande Q, QU and an n-form wp witle Sopp W, S Q,
and f We = 1,

let @, cU, 3=1,2,3, .. be a collection of rectangles ik
®

U= U i+ @).

Lev ©; be a partition of onityy witle supp (4, ) Sint (@, ). Beause

U is compact, so i+ exists finite sobcovers . Thus, we €an write

_om
w = % ¢.’ w w com\mc*\j suPPor-\ec\ n- 'Q"'“,

=\
and copp(wya U, New we have sopp (§ wy contamed in one of the
open rec+an3\e<. it (R:). Now we show we can jva‘n Q, to R bﬂ
a sequence of rec-kms\es,
Lemma 3.3.3. There exists a sequence of rectangles Ro, ..., Ry, sock
that Ro = Qo Ry, = R; , and ot (R;) A iat (R )2 ¢,
Preo¥.  Ser A= {xeU|3 a sequence of rectangles Ry , j=l) ) Nl
wite R =@,, xe int Ry, int (Rj) (ot (R0 )% 4.3
This set s open, becayse ¥x' eB x), IRy, € U socl that

Rmﬂ & Rt Tke Cbmp'eme.d- i+ alse open : t+ake ‘tC—Ac, and

¢ # *
1e Be c4) , +then 4 e AC. Otherwise , G&ssvwme %’eA , because

%GB& (‘Q’) , 16/& Sinee A s toanccted , WU =A. Q
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Theorem,. 3-3.2. I% w is a Com\mc-'r\ﬂ su?Pork':A n-form  witle sopp () @ u

and C= Sw' hen W ~ Cuw, .

|
()\‘MQ-' SUQQG(Q *o Sl\ow '\"\i; LWQ‘» Qof 4’; W  on Q;, ‘oecqme 3{- -For

eacl, i, we have supp (3.w) < @; ¢ = Sé;w , we have

¢;V3"' c:wo = 4‘“;

e  Yiven w23 éw and c=fuw,

W - cw, = Zé..ll:- )"_C; wo = 2&“- =AM
Tl!\erc'Core, fo  show Hus hotds  for ‘%;w, 'Gor eack §, select a

camfac:\'\ﬂ SOWW*'QA n- form ‘l)j witle supp (vj) C int (E) ) O\ int (QS*') ,

and j\):):\' T‘\u\ V-'i-V

i'\‘\ i 90??0!‘1‘66 in R. Sin e

3l
sopp (v ) < int (Ryy Qint (Ryy ),
PP (Vi ) @ it (R4, ) (it CRjsy ).

i";- Visg =0 Since S"s = S\D;“ =1 el vt sopport in h}*‘-

R

By Thesrem 3.2.2 , V; ~ Vi,

S:mi\ar\‘g, w, has Sopport in Qo $w° =1, seme fo v, Tha)

\7° ~\Q°.

Si;.m\\a& , G F° S{s' W, sLpp (<f'. w) CQ,  sopp (v, ) C“\NQNSC\‘MU‘NJ
S botl ¢;w and Vo &re Supported on Q; Since RN“ = ;.

S q>"w =G and Ivk) =\, thos ’ 4.“'0 2l Vg . le-') 'PPOUPS

C; w° a C'n\>° Aoeee A C'. \)MN u’" Al
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_ DBQ‘Ggrej\j-\‘ia\*JCorms = l . A

Theorem 3.3.0  (Poincaré lemma Sor compactly copporte & Lorms ).  Let U

[

be & connected open sobsex of R" and let w be a coM?ad\‘S suppor e
n- form with SUPP (W) S U The gc\\owinﬂ assertions are equiuc\\en*\- :
vy S w =0,
Rn
) There exists g (oquc-\—\3 «,0?‘,0,.\&\ (n-1) - Lot @ wirke sopp 4 €U

and W = A,U\.

(2y 2 We can use Theorew 3.2.) since sopp (4) can be

?l‘oo‘-.
contained in @ \qrse rec+qv\3\e.
(Ly D ) Gwe w com?ac\-\‘\ Sowor*eé N-forwe  with  S0PP (W) <

and S\O =0=¢, we have w-0=du for sowme (ow\?qc\-\v&

‘;DWor'\-eA (n=1)- Lorm 1 accord\‘n% Yo Theorene B3l a
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3. 4 T\r\e A‘&V?e °S; AGQ-Qeren*-ia\;\e ma??inﬁ
Del . Letr W and V e open sobsers of ®R" and (Rk . A teatrinuovs

map %:u-»v is  proper if for every compact subsetr k aV,

the freimaqe %“(\4\ is compact n U,

. BA 2.6.5 , we know L ©O- form s (-(-\unc-h‘ons)" {*c} s st Fhe

$ % ¢ C”(uy.

composition Lonction

(§¥é Yepyr = ¢ (Fepry
. GNCV\ Q h-'pnrm w € _(L\‘(V\ a8 A suvwm ove muH—.‘- fnd.‘ces‘ o.c_ ‘Ql\g"‘k

W=Z¢1Ax1’
1

i Hhe (be@@-‘cien*s éx ok Axx Qre C“(V\, T\w\s,
g*w-‘ {"(%%Léxl\,

53 [:‘neaﬁq-ﬂ b {*, we have
P 3 %*(#lex\‘

|
. P‘w e &
Ba 16% , we L\QUQ
_ &'(w./\w,\z(&* w‘\/\(‘e*w,\_
Thus, §>1Ax1 = &1 A Axl
§*
U"‘“ﬁ 2:6:8 s*a;x = 3&1 o § . s:u«{)\:c.‘ha)
%* Axl = %*( Ax;‘ A A &,{5“)

S

S () A (B )

, BQ 341,

189, =x. 0 df = &% Thas,

(*w =

= 3.1. S{*(Q‘I\Aﬁ(l\:zl_(x E;Ll,\g d x

{»*A? = Aqu’ . oso ¥ dv. = a4* x, By 266,

(=)

| ' ‘(¥*§IA‘\1*J’XL\=3{((&1“%)/\4%13

L S

2.
1
2

1
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| - This Lormula conclodes +hat ﬁ c” magping and W iy a
(omyac‘\'\\j sopported - Yorm itk suppert on /|, fYw i« com pacty
supported k- forwn il sopport en U |
Goal: To show +hat ¥ U and \V are connected spen subsets of R" and
f:u—=V is o proper g mapping then +there exists a —\o\>0\°‘3icql

invariant o} % ) which we wi\ call 4 AQS"GG, denoted Ae%% Sve
that +he ckange o varicbles Sormula

¥
Vo Fw = deqt [
hoWds For ol w e 0 V).

2.6.10 Jves §*(A*l\ = 45 Clet w= A, A--Adx, ¥

n,

maps From open svbsets W el RY 4o open subsets Vo oof w° Thes
%
% UO'? = (AQ| \P /\ A (AS}.‘ \P

for all pe U, Al

b-t;
(“‘z\q = 2 '5";‘3(?)(4"3)?

ﬂtus, we have

3¢ \ 3%
%yw? - (z _;;L’ (?\(A,cs)?\[\.../\(z —3‘;\((’3(&&3\?)

U]
In \-%.10, we showe d 3"‘)9" Ay'}: = é'a‘\,‘ Q_T , we L\Qve

(R FO)A A CAMES Y= Z (8 ey pen (0,

‘t\‘|'... ,‘h‘ n

"
> ‘
Q—

RGPIQCM% k.- La Q¢i) . r .
= ‘ean‘.z“)...ﬂn'Lu‘)(e‘ -~ IN@

= detL q.".) leva-ner

Similar com?oﬂﬂow witl, Q. = 23.\1 et Ax\c qives

L,k ;e \‘;= ;

{*w - Ae*{aQ.XA"./\ ./\Ax
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X

° -“\Q,"CQDI'Q ’ 3;0@“

w =Y ) dy, A Ady,
at e, we have

%"'w I‘v(ﬁn‘g\/\ét&/\... Aé‘in\

W

= A ey A F Ay angy,
= (o8 )=y der (DF ) dx, A--n A
T\ms, S“Q“w = &eC\‘Q S\I wr in coor Ainate -Qrm Vs

Su (bof Yexy der (DY xd) dx, a--ndx,

= c\ct\ Q &v ¢y 4, AwA 3y,
Recall Theorewe 3.3.1 (Psincaré Lemma Por compqa\cﬁ sopporte d Lotme
Let LQ a ¢tonnected orev\ subset of R" and et w be a (‘Oua‘)aC'Hﬂ
sopported  n-form with supp(w ) €U Then the -Qo\\w-‘no& assertions  are
equivalen® :

W W =9

fs
(1) There exists g ¢OMPQC+\3 Su‘:‘;or'\-ed (n-1)-Porm A wisl sopp M el

and w = d u.
‘n\erz‘:»c, we can ?rouq ju -g* wo= Ag% -‘- SV w "'\or LOM‘JQC‘\'\‘S SuWo

\‘\-%\-M w witl VPP (W) < V. (We'l show w‘“ﬁ Je%?- ty _\_0?0(03
invariant in  See 3.6, )

proot. ler wo be a compacHy supported A-Rorw witle svPP(w, ) @ \ |

Jw°=l_ Set Aesf:: Sq{:*u}"' let C==jvw,+\en

SR" (W-Cboo\-‘— SR" w —jm“ cw, = Jvuj - cjmn w, =0

53 Theorewy 3.3.1, there 2riste a Comrodlﬁ sopported cn-1) Foru

—

-7

s’

ted

cal

M such  Hhat w - cw, =-.<LM' %, syw—ci'*wo: 8'*(90-—0—0.
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There fore |

b (wo cwey = £¥0m = 18 u

B:\ Bafe ™
\Xsmo& 3.3\ QSQ-’V\ we have

v
S s%(“hc»ob =0 S
w

Su **w =cSu V“’o = Ac% {; gv W

Pro?osi‘\'iow 3.4.4, lex U, V, W be connected bpen Ss_)ose-\-s ok R" and

%; U=V , ‘}s:\l-;u\) ["°Pe" c"‘ mw‘:s‘ then

&e%(%o¥\= Ae%‘i\ AQ%Q

{xoo{.. Lex w be a (‘omPQd'\‘j Suyyon‘e& n- Lorm  with soppor+ on W . The
(1 V w = 9% w
I

J (e T = 5w = e f | gt
= Aes -Q dec& 0% SW " "

Theorew  3.4.6. Llet A be o Ron- sinqular M xn  matrix  and '?A R"—

the lnear mapping associated with A . Then 49.3 (P Y=+ % det /
is positive and =\

g

it det A s V\@SQ‘HUE,

T‘\Q ?'00'? ic done via Ex 4.V - 3.4 ix,

5. 4. V. LQ“ & Be Q P&fmu“'a'f'.'on D'F numberg L 5 iy n an& ‘e-‘-

{'3 'R - R" Ji%morﬂm‘sm
inj",xh’\-.) (XZU\ § Eetuy x&(n 'l).
Prove that 393 J;& = (-\) 3.

?””Q'- let W:R =R be a C°"‘P“¢*'1 sopported (™ RQunction, Let

$exy=z Pex,y o Wix, ).

let w= 4>(x) dx, A--n dx, +hen

{"‘w’ = (#o%é)(*)de-\ (Df cx) dx, A--Adx, = (-\)3'

.

snce o, = ¢ by commutarivitg of malbipliciyand ded (Df c0)

x P
s (-—\)3. Se SQ“-&—zw = Aeﬁ -\:L S‘knw D) Aes S;Z z f=N) -
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N pebe— —— P—— N S I R S — ‘l
3.4.Vi. ler 4: R" > R" be the mapping
%(x.,...,x“)=(*-*7\‘/~;,X;,-'-,"-\ )
Prove wat AC"& Q;\-
{)Too'ﬁ' Lt w= @ Cx, o, xad) dx, A" Ndxy ¢ R "5 R cow\?ad'\‘j Supported
and o} dass C™.  Then
X w =S(¢°¥\cx) det (DEx)) dx, A Adx,
= S4>(X.+7\ Yo, Xa, oy %q ) ded (DR Gxd) 4% Ao Adxy,
DRexy = [V A 2 21 5 der (DEx) =) .
0 { o -.. O
6 ter B e o
S *w = X ( g Y=, +7~xnéx,)\\’(xn o @Ok Yde A Aldx,
R R

Note for a eR , we have

j ¥ (¢ dt = gxy (£ -ay)dy,
® R
e, +ranslakion on R does not affect +he in-te%rf%xon, Seo

SPW: S4>CX\ dx, A= Adxgy =Sw;Ae3¥Sw 3 Aes-‘-\:\, .

3.4, vii, Let 4 R" » ®Y he the wapping

Jex o, %y = (MX X, ) %0 ), A¥o,
Show deq §=1 F A ze ang deg £= 70 iF A <o
prook.  Set w= bk, ., xyy dX, A ASKa L S
J5%w =fded ) oo der (DF vy dy oA S,

= ‘I\S LF(AXJ ‘.\r(")) qr(x.‘\ Ax. A A X,

= N

stace  det (D-Q(,:,\ = \’\ \ ‘ . \l\\ ‘o cet D’(\-C he D\\Qn%q
= P o} siqn when C\Aw\gmﬁ

variable ,

S ‘_*w = N g{;-\"tt' (X(\J (\(:) "\I(Y‘).-.w’(x”)szl\...)\éjc“‘ X,’:?\)(‘

- S *w= SW Iié?'\s\\' S‘-O'_ = Aeg% =1 it Ayo, deqfi-lifho
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3.4 Vi, (VY lexr e,,..,e,. be +he standard basis yectors of R" and A,
®.,C are linear mapping s defined \93
e
Ae: = \ i =)\
5 a e *\
8 d A
2 A \
5. &, (0 a
( ) BE."-S?’:‘“)Q) |
\ e i ¥
Ce; = i21 e
e, +¢e, P #
Show that BACe; = | = bjej  i=
j:\
(o
(3:1(0" +C55\C3)+Ck‘€\ Y
‘(;9' P> .
S b
(’roo%. FOr 1 =\ BAC e = B(\e\ = Be = '}:‘ 32)
7 )—
n
Fe %1, pACEe = BA(e, +(C;e,) :B(z q] Bl W C; €\
_-_1 n
n a n :
< %1 3,,'95 + ¢, 3%. Ljej, =
(2) Le# L:(p\' - R" ‘oe +he ‘l'neqr magpinﬁ
N
l_e_‘ = ?;“().' ei , 1:],...,.'\
Show Hat it (‘” 0, one caAn write L as Q proA.)cT L=€>AC,
where A, B C are linear mappings of the form. 3.4.10.
?roos;_ = B 2 . . - : 3
| e, ACe, > ji=| (J,‘e3 = SZ:. \,J e
Be cause € @re lasis, so lj’1 =Lj, for j=t 0,
Now drom  Le, =RACe, Hir i#!, we have
{g,ie| = C;B. €, , e, (h,- :C,-'o,
e 1% W s Le = Q. L. . . )
J , we L\D.Ue {.‘)' 21 (al“. + C, LJ )Ql ' ie., (j".; ({j". + C. I’] 0
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(3) SUPPOSQ L i invertible . Conclude that A, B,C are mvertible and
ver‘@ﬁ datr  Theorem >4 6 holds for B and C |
?rOo{\- . QQCC\“ Lor lir\ea,r "\“‘?S A, B \R“ — mf\ | we L\Qve_
dim (AR ) £ min (dim A, dim D)
Giiven L =B®Ac and ) »'nver-\'-:\;\e' iy concdodes A\D, C
are alse inverti \;\e Given
"
Be‘.-_-. \32___" b\)e) v =
e, e
To find the AeTee of B and C, we vse a sequence of transTormations.
(@is €5 ; i 5 €8 ) “'—?(b,e|)ea"__’en)
has deqree  sqn (b, ) \’j 3 4, Vi,
n
b.e-
(b‘e" ea,...‘en) L (b‘elk_j'{'-) )ev)) el;...,en)
kag Ac%rec p \3'3 e direct &3enerq(.‘aa+ion 0{- 3.4.v1 _\‘/\e matri ¥ o-Q—

(4 Show

Yo

"
B=(e,,e,, .. e,) = (\o.e‘*sibses,e.,...,e,.)
. :)
'S b' (=) o
Mb = b.a | o — det MB = b‘
by i e §

‘T‘\ere-gore X Aea B = Sjn (b, )} = gsn (de+ N\s 3 S:"‘““"‘ﬁ- %.-

Ce"-— €| i:'
e'.-\'C;Q. |

Followmc\ 5.4, i Aeak CCY =L | and

Mc = ' Ca e Gy
© { O

- dex Mczl.

{ o

show w hol\ds Sor L )

induc*\';uelﬂ +hat T\i\eorem 3.4.6 ho\ds Tor A and  vse 3415
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|
|

|

| DS{E\'@'\‘\HOA F"?M_?,,,_._,, B N o GWU:E‘JCM"A R \'\O.Me \5
prook. We use induction +o proceed
PJQSQ case A=\, A\ = \l \ -k . ‘FA = id, Set w= 4><x) d x | fqy:..
AQS{A = S‘P°¥A(‘)\ée+be-t Qn‘\é“= [
A\=I~\X, (T\A=—RA
Arernative: set A =TA)
and Ve 3.4 vii, feq £, = S ¢ C-xy -1 dx = [($c-x)-geor=d
For induction b\3()»“"'\251‘&, we SOWose '\'\o\eorcm 3.4.6 s 4rve Pn An-\
\_‘w 1A dockive 5‘\'@?, we set .
i { (o) ° cos r'e) ‘l -
: " a;l st » Qh‘ Q:a qls ‘1;.‘1
A and Ay =
° a L) QQ; Q;s os Q
. 3 Q33 - Qs . 1
L0 Qyy Bay oo Qp L"‘M Ry - Q...,,
Then we have |,
\
0, )= 3}0 K, 2 00 %)
" (% X = Z 5
A“_‘ 2) e 0N \ - ( l.___.‘al; xi' » e .zgza'\i xi)
Now set &:#cx)Ax ) #cn="vc*-\ & ‘-\’_(X.‘) w oty h?m)-\
A A A .
W :¢(X\A\( i d)(X)-? ‘\7(‘[2) #(‘ﬂ“) wit I$(x):‘
witly "3?': R —r \,e:ma a compad‘\‘ﬁ sopported Son chion
A - ? &
A?ﬁgAt‘JW -~ S¢ ('A;l, (%) ‘Ae’\' D‘QA::.(y)\AKI\ /\é’(n,
witl X" - &A -
w $(xydx = g‘%((*‘) ---\T(*n-.)éxLA---Aé*“ =\ |
deq ¥A.\ S“’ - X ¢ o ":A,‘(M \dar DQA..‘*\\ Ax, A h dxa
witl 3 *~
w = S&(x) Ax: l'\\‘(x.)...'\\?’(xn\ A*‘[\,,./\éxn.
= J b Vx| dron SR Ax n Ay, 2y b
m( m“ i 4
Ay0,n
= Sm w(* y dx, =1,



e\ew\e.n*Qr'ﬁ row or CO\omn oPercH-iov\ oNn an ic\u+«‘+-3 matr!

. DifCerential  Forms 1

S | Guc“ew\m & Hﬁn\e, B ‘6
i So Aeﬁ QA = f $ ’?A (x)\&e‘\ D-\?A o\ dx, Aeadx,
R IE KRR E RPRIICP IS

Since \Ae* D¥A“ (x| = \Ae“ D¥A#_, (7‘)\ ,

&QS %A = (gt(7‘| 3&*‘\ éei QA = Aej'?,\_

Now we have Theorem, 3.4.6 holds  For and matrix  of the LHorme

A, ® and C, Hen Hr oa

3enero‘c mwatr x
L = BAC

we kqoe

Aeﬁ{ (s'\e% )(deq ¥, \(4:»3'\3 )

\uj 3.4.5. Tb\ere%m , L ded 'FL >0 then

((\03 -‘\-&\(&3%,‘ )(c\eﬂ";c\ >0

E\emm—\-ar:\ motrix is q square matrix obtained 5'1 Pﬁ@ormma

X , A CluA.‘nj

‘M-ucb\mg.‘n% two rows | mu\\\-;\)\-3 a Mow ‘013 Q Non - 2erd Constant and

add a mu\-h?

°$ oNR fow 4o ancther tow. 3.4 vy - vii reveals the

Ae&tee o{‘- s;m‘)\e n\a?s CorresPonc\mj o e e\eMen+qr3 matrices and

3.4, viii shows any linear map foom R™ 4o R" can be written as

ele W‘?J/\*Q“j matrices .

L can he written as | = BAC,

matrices and A s L in 4he '\vp left and

Se an alternative 'proo-Q is indoction on A \oe.‘nﬁ able +o write as Pr®

5“(“' 1 3%, Lée* D*\A(X)\ Sl\y(%;,qz;‘i\ ""{’(%‘q-\;*i\ dt, M

and '\"3 ":L =\ ; SM.’\Or\i -(:w det 'FLLO- o
Remark

ln particalar | 3-4. viii (1) = (3) shows any - Nxn madr

(n=1) ¥ (N=1) bo+om £

uu\\ere B, C are ‘P‘°AUC‘\"’ o'\z Q\em'\'arj

n‘j‘\i- .
doct

o} elewentary matrice using L =BAC |



Pfoo Q .

C"'\5 | Dj.{%j'?gren\—iq\_‘:gﬂ{w”A_” — G‘“‘“MM R E\M'\e

1

53 (%), we have L = BAC . The base case & A = [‘q‘
whicle s aa e\ew\e,n-\-ar«j mateix. We assome Paoy can be writteq
L\due

as a ?roc\Od okt e\emzw}ar‘3 matrix  For indoctive ‘d'ef we

L 0o - b

= Q9
A= EA
0

"M
where A, = T E“
k=1 "

’

motrices, Boxr  this GMP"‘?S
m ] © ... o
A, = T | 0
k=1 ' k
. En_|
[

w‘m‘ck conclodes the inéuc-\'ion. D8 now \ﬂj 34. 5

Aea& {L = ( c\etx !{B\ (Ae% \\-A )(323 %Q )

Pgain, il det DF 70 4, © or 2 of Ae'\'D'Q's,clP-‘\'DQA,

/’

&e’rN:C are negative sp O or 2 of Aeﬂ ?s‘égtﬁA‘ an

where E‘t‘ Qre (h— 1 )~ A.‘mus:‘onq‘ dcaw\gn-}qﬁ

L=

<

303 '?L are  neqqtive 6-‘2\&:.\3 Aeca -\:L =\ and vice versg, o




CH

Aefi A=\ it derA >0 and dec& A= -\ otherwise .
Now \e\'\'\ns A=Df (o) ‘F|=ﬂ,o"}°%“ then
DA% £)cey = a™ e Do) = id,

Now 4ake £ o p"0f  we have £ 01z 0, DE, =id.

For  the nex+ s+e,? of e -Proo‘\l‘ we are 3,»':\3 +o show g
Lemma : There exista a $ >0 such +wat \3cx\\5-‘i\x\5}o, \<\<$

PN“‘\'. Let 3(x)=(3|(x),--- » 34 €Y, Then  beecause DS(O):O:

So there exists a § >o soch  +hat _a_éi..

SR

Le+ %(‘H:-(:;(x)-x ~ we  have 3(0) =°, DS(O): D‘F,to\-\':D.

Co| ey e Weles

D: fferential Enrmsw “h,-,,,,w,-,G'f‘,i"e"“'." & Haie _ﬁ._wl_?,‘._
3.8 The C\l\qngg of variables Formaulo
let U and V e connected open swbsers of W', W §: U —>V
s o diffeomorphism | the determinant of DEcx ) at x e U s nonzero.
Siae §=det(DF 1) s continuous, |y S %-‘ (x>6)Uq " (x<o), this
shows DYex) does aot «P\:P the siqn.
e 509 £ s orrentation ?"""e””“ﬂ it +his siqn s fo$:+we ond ofientqtion
reversing it is neqative .
Theorem . The deqree of § is 41 $ is orientation preserving and -| it
| {- is  erientation reversing |
proof . Givew & cU , @ =- Fla,y 9 i R" —R" 9 R g
X = XtQ, x — X+ Q,
| 63 3.4.2 Ju f*u: = Ae‘\ ¢ Sv W and kn 3.4.iv, c\es q, = i
Thas | the composite i omorphism 3‘»-@ e 3  has e same deqrec
65 £ Neve J,0be q,(0y= ‘l,‘*(ﬁca.s;g;(-a,;:o,
By Theorew, >. 4.6 and 3.4.ix, for a bijective  linear mapping AR o
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Differential Forms

| Guﬁ“em-‘w 8 \'\a.-‘nc

S Lﬂ Mean value Hacorew ,

LT
ﬂ’. (X)) = 22 — (¢ x;
! =1 '313' 3

=

Thus | For \xles )

')
- BS. 4 33; i .
\Sic’”l‘ \:\E__'_‘"';:.\(C) ‘(3\ < :\Z-_‘ \ 3“5(C) XJ\ £ an \xl\
Mow fer @ be & compactly Sopporked C* Fincton witl 0 €€ 2 | and wi
3
ecx ) =0 -Qo,- x| =S , CQtx) =1\ for [x\S';‘ Let
Tg ) Rn . mn
> > I{—e(x)jcx).
e ‘E(")=§x , x| 2§
x+‘3cxs= K'\'-‘(X)-x:‘?(x)’ \x\g

whea Ix1 €6, LR Gl 2 x| = 00xy | 4exy |
z I l-1qoal 2 x| - Lx) =3 1x)
from Lemma above . Thece Bee , L all xe\w’,

~ \
| oxrl = )5;

New ler Q, be the cobe R+ = %xeﬂl“\\x\ﬁr"’ lex Qf:=“ln\Q...

~ \x|
Because | fexs| 2 5, we have Ftane G
-l
5‘ (Qe) <@, t
”~ m
r r

tor al\r, hence {: is proper, Foe "C"Q&,

bﬁ the above Lemma. Tl\ere ‘Rre,
e Qig) e Q'

N
n #[E

208
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*1.—.{\"‘0&‘5 a diffeomorplism wapping 0 4 O W maps 4 V\ex‘s‘,doorl'\ood
Uo 2% D i U &;@‘r\zovnow?kacq\\ﬂ onte a .\eiab\\oor\/\ooé Vo of 0 in V.
Be caus e A{"(Qr\ S Q, we can shrik Us bt be contammed in
Ray and V, contaited in Qg
Ler w he an n-Horm with support in Vo whose .‘m‘e&rq\ over R” is
eﬂ(\M\ Yo L. Then %jw is sopported i U, < QS(; s %:w s
wpperted i Ry Fudermore, {7 (Q, ) < Q. inplies M s
wospperted i Ry Therefee, both [*w and FYw are zero
wheide of R W4 T= [ s Q1 T, §=] e
T P T . 2
Now let & be a compactly sopported n-form with soppert ia Qcéss and _(Q}=I
17 cay,) =&
\'M\’L‘QS '{:*C'u spperted in Qc%_ Sin ce ’f(x) =x  for Ix\ 28 , we
e F*G 2D e RS Ths
deq T = [T& =ja,=\,
Therefore, deq § =1, Sine {2 At R by 3405, we have
deq £ = deq (A" deq £,= 0 i =0
Recall tht A =DF (o) , o
8 FL s orieatation preserving |, then der (DE@)>0 # det (D{'eer) >0,
There fore ,  deq (A7) =1 by  Theorew, 3-4.6.
TR R, is ortentabon reversing | then ded (DS, () <o 2 dey (DF; (01)] 0.
So we have ; deq (A™)= -\,
T\\ere{fore, (¥) .‘MY\:es 693 £, =\ it € s orientation presefving, and
gei £, = i b s erientation revefsing . F.-Muta, we've shown hat
deqg § = deq 9,0% o q, =deq Tu. o
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CH3 DifSerential  Forwms ’

RQ?;A review on uniform Con+t‘r\ui+¢3 and ?roFerh’eS_
Dek. FM- a -"\onc-\-iov\ {-: X =Y with.  wmetric space (X’ d,) and (\(' d4,)

-&» is cq\\e,A unigorm\«ﬁ continuou s S¥ -?or e\)ij Peq\ nomber & >0 +V\erc

exists a real nomber § >0 such that for ever‘a x.4 ex — d (x4 )< 5.
we have J,CQ(x),Qt%\)éi.

D?Q. A ‘F\mc'\‘:on {»: X—>\( \ul‘\'la. meric space (X.A, ) an & (\(,64\"’
called continuous ot x ;.Q (o every real pomber € >0 there exist a real

nom\:u\ % >0 suclf\ -\'kq-\- -For evuﬂ 43@)( with A\("»'j\ <S) we l\aug
A; (Q(X),Q("l)\ <s .

pw\e *am‘)\e 3

* Fonctions un\ooonc\zA on a hoonded dowmain are not U"‘.P"r""l'j continuous

For examv\e, S:‘tan X s contiauovs ©n (-I;‘L .%\ bot not um‘?orm\ﬁ

. . S TC
continuous , as ¢+ Yoes *o '“{:"‘""1 as x — §

Funchions whose derivatives fends +o M-@-‘A:h& as Xx —» ot can net be \:ur\"{.,m\\.:s

K
Onriauovs . ‘3: e is  Conhauwoys eve"t‘wkere bot not ov\i‘@orm\t} continuovs

\
-g—(x) = Sin 37 is  not Um'-‘:orm\'ﬁ continuous as omok § >0, there ar

X,4 € (0,0} svch that [x-y4| <% and |fecx>- fyyr(=2.
Hcmg- Cantor ﬂ\eorgw\__ \§ g: N\—>M is & conrinyous ‘Rnc‘h‘on Le‘h»een w3

metric spaces M and N and M s comFQC'F. Thew !(:.‘s o»\;-‘;om\g contnoovs

’

proot. By Continuity | for any €50, 3§ >0 s, d, (Fexy, fgr)e &

‘U\I\Qb\ JM (x,ﬁ ) ¢ S‘. j__e.|. u, ‘oe ‘Hl\e bPe’” —S—;“—--nefjumr‘\ooé o§! X
‘ﬂm Col\ec-\-.-,,\ iu)r [ XGM* is Qn oPen (oJer D'Q M 3 H,“_‘g exist+ 4

-Q.‘,\ﬂ-e WLW&P{UX i,:)‘ \u& (omPQc‘l‘nes;. Take $ = M.‘{n N h
k & 1 & k& 2%

Stnce N is e . B4 well - J?Qs'ne:l and Positive . S"PPMQ AM(X’ 1) <s,
. % . .
‘(’W anﬁ XLy EM. Tl\e,\ = eU X, since wn h:. 's @an dpen cover

So dp (XY ) & dy ok, x ) wdm(n,g 12 S, . Thas 4y (Foxy. Fey
€ 4y (fexy. Fexi)) +dy Fexiy, fn) <. &

~—r
S
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1.2

Giiven fbeCw ) ﬂ\eorem 2.5.12 is frovea us:ns

deq § Sv dlyy dy = &“ $of ¢ x) de* (DLcxr) dx

> s4n (det (D‘{cm)) Sv $eyy dy = ju{nl}(x) det (D Lx) d=

> L 4>('3) é'j = Su 4>°‘§ (x) | dey (b?(x\3\ d x

1% 4’ is 3““' continuovs, we weed :

T\\eorem 3.5.1\. Lex V be an DPen sob set o-c ‘k". if ‘F:‘k"-—»\k is Qq

continuous -Funchon of ComPQC'\' sopport with  sopp ¢ cv , then for every €30

Mere exvsts a ™ foaction of compact  support IP':R" - R with supp

and suF\‘\"cx\~C§(x3\<&, S ke Fmh
proof. Ler A ke SoPp P wnd et \‘ \/""
S [N
§o= ek Nx -4 W
\'GVC '\-..-'Q;LA/}._.' I
4 €A | P

ey

Soiee § v conbiwses fng CMPacﬂﬂ sopported Lj Heine = Cantor  Heorem,

<} is onl{:orw\l‘s continuovs ., i.e., o every & >0, I S >0 and 8¢

soch that [fexr- eyl ce when [x-4le § .

d

2

lev & be te bhe Ixles and ©:R" R be a non-neqqtie

C“ -Fonc-\-:on w;-\-k svff(’ c @ and

X?ch Ag:l,

Set
“{("):S(’C‘A' x ) ¢y dy

33 Theoremw. 3.2. 10 , if all  the {>ar+-'a| derivatives of &(x.t&) w

N,;\)(:ﬁ +o x of order ¢ T exist and are Continuevs ag -(-\ondeons

bg % Q'\A '& , -\r\en +»\e 'PU“C"‘!‘OV\ %(x): g -g,(x.“) A% 'S D'F

C‘QSS Cr' Nis we dake {(*"j) = Q(ﬁ_x)ﬁ(a) an-c\ __3__;" "1(

QKF$+S '?” Q“ r an A are tbn"‘n‘l\uou) -Fuﬁc-'.‘o“ o‘t % qna tt .

tl

K,‘S)
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Theebee, ¥ exd s of dass 7 g i SR

Let A% denote the Set ok f0?n+‘ iih ‘Rd such +hat |

A8:= -%"GQ \ inf \x"i\ .f&i ‘ |
e
Then For X &Ag an d % eA , lx-4|>3% and hence €Y= x) =0

Thus | Lfor x & As -

—_—~— .
jP(“-*)%('ﬁ) d“=}€(5-x)¢(‘j)élﬂ:o.
A S supla@i= gl ixl<g}
D ‘¥ s SUPPOI“\’QA on  the ComFOC‘\' set Ag . Siha 3§ < %- >UP\>\\T
s onrained in V ( sec the picture  iq the previouvs ‘:a%e ) . We have .

3 4 v, LQ* -g.:fkn—am'\ L,e the %anslqhon '{‘(#) = X+q, Sl'\ow +hat dea &»=\.

PFDO'Q, WQ P"OUQ bb the -?ae* ‘\“\0('\ '?0‘“ Some CM?QC-H‘/X SOFP“"Q‘! C°° .‘:\N’\C‘\‘CM’

SR\P(t\ét =Jk\\’(t-a)3t_

ne., translation does not qu“ﬂe e \JQ\UQ D‘Q .‘,\-\ejmﬁon over R

ﬁus, set W = <{><x)éx , (1)(x).= \P'cx,) o R Y Then

X w = f‘(’(r. y o Wik ) dx, Ao ASxa
iRY [R"

53 Fu‘o,-n,-rs theorew

-

\ w = HW“'\ é“»\ Wity - Vevn )y dx, A-Adx,

R R ®
We ales  have

S%*w = (¢of Yixy der (D 1) dx
e O
f(x;' \) = (X'TG') , Seo ‘\'\'\e jqc.L.‘cM is D'¥(K)= ‘o..ol D

X4 Q,
0 o - i

}%*w -‘-'J(%(X-HX\ éx;Jd{-(X‘fQ,\ o W exy 4 a, ) B
Bﬁ vsing Fobini s Hheorewm on eaclh X, +4;
&“F(’(;'\'qi\ d%; = JI\T(*‘- \a\K,-.

, we ha ve

T\\us, S-S'*w = Sw = deﬁ-\: S(,g- = Aes'Q:\. 0
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US?:\S 3.4.v and Sf('ﬁ) Aﬂ:\ , we have

S€('3-><)A\A = j(’c‘;\)ég =1,
Thus,

And

= &(¢<x»—¢(3,3€<5-“43_

| & exy. - Yool e [ dexy-des) €y~ x)dy

=y - ?((A_;():O <For \X-ﬂ\?, S and \¢(,().—\P(x\‘\¢£ '?or
N 50??QQQ::§;<\ \x\zS}
=3} 28 frm oniforud continuiry

>0
X\‘t’(xhé(g)\?(ﬁ-x)é% < ig("('j-x)e\%_
Since &(2(3,,‘)0\3;\' we conclode

\4)(;(\—‘[’(%)\ gﬁ. &

S (4>°§' Yoo | dex (DY o) =j by dy

wu v

?roos-. et 7:&“ - R" be a Cn cvt - off ‘\:onc‘Hon w\m‘cl\ 's one ON Q&

‘#(x) - ‘{’(x\ :U*(x)?(ﬂ—x)é‘jy -'( J qg(% )G(,j_x )Aﬁ)

poxy = P [ecyrdy = pony [eey-nrdy = ¢ cafty-x) gy

Theorem 3.5.3. Let ¢:y—R be a compactly sopported continuous funetion, Thes

ety

()44

y\e‘.ﬁl\bw Wood V, of the support o ¢ i i non-neqative  and compq
SvPYoM-eA witly supp Y < V. Let
e = | Vg dy. (%)
B4 Hhe previous theorem, we have or ewer4 g >0, a C*% function
@ n0+e'A ﬂ;i ’r:\eorem. @n restrict +o \
wittg support (V,'§ sveh tha |
Ly ¢
\¢-¥I1 ¢ 52, (%)
S5 Uv(‘P-WSL%\é‘g\:\g (tb—\y\(gpéts\sﬁ L CP-¢ )y
by ﬁianﬁ\e inequq(.‘ij ‘ RO sopey b 4 $ Osopp
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Since V, is  the r\e,(s\«\\oor\l\oo& Qor e Support ol 4) and Y

) - randsl = | gy ay)
Supy v supp Y Vi
Nore faat ¥ =\ on V. | 0
X \@”\’H%HM:S 4 (-9 ey dy |

s:m:\ar\‘%, \x (4)-\\3'\ °‘§(x) \Ae-\ DQUU\ dx
U

N

J \(4’~\P)°-€(K\ \Ae‘\' D*\:(x)\ d x
U

% X = £¢ YU?J(‘F'?)"‘;CX) \ée*rb‘%(m\e\x\
x | ¥ x) € svpp U sofp
~ [ (¢—‘V\°£(x)\c‘e-\- DQ(X)\A"\
%x\’%(x)ev.‘
§:¥J io%(x\\(¢—¢)o1}¢x)lc\e* DY x| dx
x| f(xrev}
< JK°’%(7‘\\(¢~\P)"P(K)\A€;\- Dicor| dx
U

< %c S“Y"Q(x\ \Ae-‘r 'D-?cx\\ d x
- £
- g

p——

2

’

|

Vv, v,
e | ey L (d-¥yhdy |
N
\93(*) %
y (}) £ ¢
QQW‘”B%‘C: f=r 22
This shows SVC#(%)A':S-SQ(%)A.:S\< % (. 8L 5

by (%%, %), S (4>.% kn\&ew{cxs\{m\é‘j

Vi
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"\'\m‘s Now S

\S ¢ofexy [ deaDfos\dx = | WeBexy | det DEexy | Ax\ PRI
w u N
Mso , combinin 3

S\\‘(‘S)A‘Azs'\Yos\((%)\ée-\b%(x)\éx
v wu .
with (3.5.15) and (3.5. (4) give s

\84)“33‘-"‘5"; ¢ofoxy \ée:\- D%(x\\&»e\

v W

= \ S ¢ 1) dy - f w(%\‘\‘j t | Yot o) det DLex)\dx- S<f>°-§(’<)\ée-\-$§tm\‘\x‘
v v W u

=

v w w

£y~ [ty o] Eoo Lact Dhons - fdofonstserdtenn
£

cs+ 5 g,

This  conclode s

S+(‘3)A3;J éb-@(x)\&@:\b-“’(m\éx. o
w

v
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3.6 Tec\'m.ques Lor COMVW\'\I\ﬂ the c\esree ol a WMapping

T\\.\‘s d&q.“\'&f A\‘scus;es ko 4o come\-e Mre Ae%ree O'Q { , \Ol\\CLt

& we delirm .( Smoo'\-\\\t\ , the degree  Joesn'+ change .
Dek . A pont  x €U is @ tridical  point of { it the  derivative
Dfexy: R = R”
Lads % be bijective , ie., ¥ der (DF o) =
Theorem, 3.4 1. Let W and UV be open sobsers of R" and R Let

.\,,u_.,\/ be @ ?ro?er tontinyou s mapping . I ] is a coqud' sub
DtV oand A= B )L then for every open subset U, wil AcU

there exists an o?u sobset V, witlh B <N, <V an d {' (Vo) €
Rf\ .p ..'1," V..Qk

------

:,’u @ " Ry @ v

.

“ e, =

i ?Nﬂ‘- Firet we proue ‘Hae_re etists a4 compact svbser C of V with 8 i
To see '“M‘s, #u‘rﬁ- note 'cﬁr equ x e R has a Corresfondms LQ“ 0‘{
radius > 0 svele dhat B €X) @V gince V ois open.

\ Inside B=U Br (x) s UBg (x)
: X X % 2

and it has a ‘QIMR wbcavgr Since

B s comPac'f.

is a\waﬁs an l'nk'%u'. The Ae&l‘ee o-@ -X» is a ‘\o?o\oaf(‘ql avan ant :

+ C,

e ® They €= ’Bé Since # contains B qad in V.
Thea we“ take §N = {'cey\u, , -g"cC\ i compact be cause & 's | proper,
. )7) : :
Se W is compact and L(W)Y s compact \’3 CONH AUty of £ Set
V, = int € N few) strictly contains B and  oatained ( strictlq) bq V.o




R

ket

e Rk o= Usx . Hea b pe VNRX), then {cpre U

Differenttal  Forms | B Guillemin > Haine

2.3

A\-\-crt\q-l-iue Aproo-Q ‘901- fhe existence of C,

?ra&. Start witk  an opea set |V and a compact set B Qv Then each

Since B is ®@Mpact, IB can be Covered ba 'F-‘m‘-i'e\i W\qnj subcovers

denvte  +his  subcover lua R. Then *ake

r= me [ 0 sincee D is @

xG’E)

xed
3.4, i, Show fat it ‘J’zu—s\/ is & 'P”Per continuous mafP.‘nﬂ and X s

a closed sobser of U . Then ]((x) is closed .

otherwise if ‘ae¥"ft’>cx, thea f(i)c)( . Bt P=‘Q“j),
Cbl\‘h‘ﬂdtﬁon.

Bﬂ ‘\'\\eorem, 3.4.7 5 'ﬂ/\ere exists a neijkborkooévoo-c f " svele 1".\4-‘ {"(Vo)

i+ contained in uo.

o
Assume Ax €V, Q Fexy, dhea -r'(*) e U, Siace & (Vi) &4,
But x € -E(‘)() so {-or some T € -?h‘(x\ , 2 € X, Bur 2 s

also in Uy because {-‘Cx) eu, contradiction. Se Vo and -\:(x)

that 15 disjeint  from Foxr | (mc\UA:nj £ex) is closed. n

- We denste the set of critical points of § by Ce. (g ' @ closed subsed
of U, since i+ v the preimaqe  of o closed set {0} for the conty
fonerion  det DL Therefore, f(Cp ) is & closed subset of V.
We call +his ‘mage  the set of (pitical valves of }

and -“\e_ comP\emeM

of this M\Qﬂe the set of l"Pﬂular vq\ueg o-? +

print x €3 has a neiab\lmkood of radius F that is contained in|V |

finite  sobcover. Thea take V.= U Br(’L)UB.U

are  disjoint. Thi shows every poimt P € \/\ Rex) has an open b\efahhq-l‘g.g

AUOUS
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T o 5 K

A

B @ > \
; ‘. + f 3
: : — S (G
\ :, \‘\I"'(q) _.' "
~ o & \\~. . '.'

-
- - - ~

VAR UY i combained in ReuyndeCey s, i tev. 4 & fw)
thea ¢ s a  reqolar valve of \»3 default . l

" Example, Cp an be quite lage 1§ ceV  L.U—V is the constant
map whicl, waps all sb U onte ¢ then szu, The reqular valoes of
F i UN ge¥ | which s an open dense sobser of V. This is
broe in qeeral Yot any proper €7 map, called  Sards  Hheorew

Theorem 3.6.3. The set *-‘(%\ is a finte set. b "-‘(%\= %f.,..‘,?m}'

there exist (onnected open ne:ghborkoods U; of P. in U and an open
neismaor‘\ooc‘ W of ?7 in V suclh +at ( -(\OI- 4 Le;q% a rejo(ar value_)

Q ) -For i % J the set s u; and u“ Qare disjoipﬂ‘ .
<
?"°°‘Q. ASSome 3’? GQ (%) , Since % s @ reaolﬂr vq\ue " 1: e Cf . 9.

D'(“f\ : RY = R"

s bijective . B3 inverse tunctien +heore m ) 'I» maps & neeakb» heod

ur o{\ f cl\'meornor?‘\\'m“i onto ¢ ne:‘Sl\Lor hood O-Q %_ The open sets
iu?\f e{"(%\i

ore & covering of {7 ), Siace Ir s proper, f"(@,\ i compact, S
TWe , . Ue ¥

is a Finite sv\ocooer-‘nj o §704 ). We can picle Up small enovgly |3

Hhat each U‘, onltﬁ contarns  one P, Alg, {.(u\))=%. S5
Frwy = gp, e}

‘n\l‘s sl\ows {:‘(%\ s Q {:-‘Mi-e set and (.

an Mj are &'sjo.‘oﬂ'

{'or i+, a
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- |
Gy MWy =u U U U,
()rooQ. By Theorew, 3.4.7, we have & connected open neighberhood

W et ¢ = V Lr  whick
Twye U, U u Uy

Lexr U;:= ‘s‘-‘ W) ﬂu(,_ conclode e ‘Proo{- ; o
We oalso hove shown (ot 4he besu‘nn.‘nta ) .
(3) -\— maps W; AI‘Weomor\)\ﬁicaHS onte W,

ComYoﬁnS the  Degree of
Theorem 3.6. 4. For eack poe (4 (), let 3‘,; =+ it fou oW
is or.‘en'\‘ah'on-‘?reserv.‘ns and -~ it .}; W — W is orieatation TeVersing The,

deg (F) = % 2,

ook, Ler w be a com‘)ﬂc‘f\‘l sopported n-form on W whose iteqral 1y cne.|The,
| deqehy Jw = | w0 by dehinien, |
By fprevious Theorem, 'MWy = 4,0 0 Uy s

Aea () = g gu.— *u

Hu;‘ U — W s a A‘W%W\O"p\m'sm L‘X the previous Yheorem . S»
¥
J Fw = dag ) hw £l

Tke,\ Lv& “\eorem 3.5.1 , the Aesree o& &; is | '!'Q &’; is ofieatation

?reserutu\%' and -1 if .F; s orientation feversm%' qiven {1'. Q

Ji'mzomor?khna . Se °\°3 (Fy= .‘gz\ 8?5 :




3\

- A ?oin-\- %GV an Quali% as a rejo(qr valve of <F bd not bet‘nfa N
the Image of §
Recall we have proved for a proper continuous mappiagq {: Uu—V.

T‘l\eore.m 3.4.7T . IEF B s a Coquc'\‘ subset § V and A= -Q“(B ) thea
for every open svbsey U, with A U, U, there exists an opes

svbset Vo with B <y, <V and *C'(Vo\ < u,.
© Now given ‘G ?rope,r, pick ¢ e vNEU)Y, Teke B = %f% thea

A = C{’ . Pick Us = & , ‘03 Theorews 2471, there exists an open

svbset  witl B=§Pi <V, ©V and Q“(v.\cu.,
u 5

£ £'0) el | thew £7CVI=4 S0 Voo VARLUL This shows

every point P has an open ne\‘shborhobtl. s VN L CU) 3 open singe

? i an ac\b;i—mrb& point i V \"\' (u).
Theorems  2.6.6 . £ f£: US>V is net sorjective, thea Aes (f)-=0.
‘)roo(-. Gwven VN £ Be.‘ns open | iF s non-empty 1,.3 Lum‘, Lunction

wnstryction (A. &) ) +here exists o comPQc‘Htj soPPoM-ed n-form w
with svwoﬁ 'n V\{:(U) and .‘M-eﬂrql equql to | | Since w =o

on *he imaqe of £, we have g*w—_-o_ S,

0= Iu {_*w = 423 (-F)va==\e3 ‘F
Theorem 3.6.7. 1% c\eca{l +0, +en f maps U Sur}fcfiuel:‘ onto V.
- We will now show the deqree of { s a topological invariant of f
. let U be an open sobsetr of R™ .V an open sobset of MW" Aa

open svbinterval  of R denoted by Ag%o,‘}’{“&_ :U—V are C%
T‘\Q,\ Q C°° qu F-’ HXA —> s (4] ‘\omg%‘)ﬂ be'l-ween 'P. and 'F&

i Fhx,0y = § ey, Fex, ) :F.(").
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© Now soppese %H £, are propers .
Deb. A homotopy F between §, @md £, s a prper homotopy if
the wel follbwed s proper .
FY U =A — v xA
(x,4+) = (F (=) ’t.) .
WO isoa poper homotopy  between f, and F,, thea for every
4 betweew 0 and L, the map Follwed s proper.
foou Y
Loy s FOx, 6y
Now let U,V be open sobsets of R" .
Theorem  3.6.10. 18 o and §, are  properly hometopic, then deg To7deqH,
Proofi-, We constroct o Form
w= Py dy A Ay,
compactly sopported n=-form on V, I“""
Frown (34 1) j“ P = deq § jv wv an &
¥ = (do £ 1o da (DS x)) dx, Ande
we have ‘
*egiqu = deg §= | Rw x)
w
= (b » £, Yoxy ded (DE, Go) dx Aan 3,
Bt deq f, €Z asd the inteqrand is continuous in t € [0,1)
sopported on a4 compact solgsed of UxCo, 1) Hence (%) i
(ontinuoos  &s & fonction of £ therefore dej (£ ) s integer
valied 5o +he Lonchon is a Constant . o
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Now we {:tooe fwe \emmas Qor *\I\Q B'Ol&wa\‘ St:n‘xec\ ?oM‘\‘ “\eorem .

'GU“C“W\‘ on W °% C\Q&s C'. SUYPose S;or Q\Jero& X e\/\)‘ Hhe QUaer"‘-'c
Po\&nomtal
&ex)s  + bixye + cex)

has +wo distinct real roors 3* cx)y and s (x ) wiHl Se(x) > S.C

Proog S and S_ are '?Unc-h‘ons o¥ C—\“‘& Cr
T »

?r°°¥. c" s C\osd omder *+, -, X, ©o Tollows -¥ww\, d:fferentiation

rvles . and — o ¢

’ 3

Since *Hhere a2

{-F ‘X is neveg z2erd,

req\ roots , Qx) is never 2o, and

2

bexy = 4acx)ccx) >0

-bex )yt | - )
Se S, .. = ‘lb ¥) ~ 4acx)cex 0,
G\Juen ere Aafe
J.QC)(‘ ®

fwo distinet roots ‘ox(“) 2 4Q(X)C(x) 7 0 ., Hhus

remains F A;-‘?‘c‘ereanUe.

i W ie patl connected, +hea \03 inrermediate valve +heorem |,

0cxy £ o mplies Qexy does not switch sigqns. Se the choice

tis is the same Lo, eacl  conpected Component , so it doe
no+ affect Yhe Jiflerentia bi |.‘+-a etther
T\\ere'?ore " g+ Qnd S_ Qare 'Q\n\c'Hons o-¥ c\qse, Cr'

3.6.i. Let W be & svbset of R" and acx), bex) , cecx) be real-valued

K).

I
a .‘— | s a |
(“’ (x)-40aCx) ‘U"\l) = 3 (V- 4acx) cox)* (b -4ac0cn)

of S and s, s Goatiduos. 1§ W s not patk connected

S
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?roo%. Suwose Vxe B" we have {:cx) $ %X

3.6. 4,
{)roe{-. 1’ x e

P\V\:\ica’n‘ons . The Brouwer Fized ?om-\ theoret . le+r B" be the
Aosed  uniy  ball 4 R" .

B : = tx eWR"\\x\ £\ }

L)
18 %: B 2 /" s a contiauoss mapping the L has «a -Q:K ?o.‘n-\-_-
1%, en ¥C7(o) = X, | -

& The idea of the ?"N‘Q is 4 assume  Hhere iy np Fixed Point and lead
+o o contradichion .

Consider the ray ‘H\Poﬂs'f\
JY(x) in the directrion o s |

{‘C") + s(C x - ?(xs) s ¢ [o,m).

L“\Q “Oﬂ mtersects  Hhe Loon&arﬂ "= dR"

in a onique point (x)

and we need a \ewmmg .
Show +hat T(xy is a continuous suryection B'\~)§h.

, Xexy=x | ie., svbskity s=L, 5
I(x) = {’(X\ +scx -Lexy) = {'(x) + x "-G(*) =x
T\ht's skows ‘1 'S $\J|’S?cﬂv€., Now we gl,\ow
M fexy + s Cx= o) V=) ( %)
‘I\QS fwo req\ ooty | T‘M’S s \oe(‘ﬂ.«sg “ y("‘\\ ':\ , S°®
8(*)=‘§(X)'\ 9°(X-Q(\<\\’

where 5. is the non-neqative rost of the quadratic folsnomicﬂ ().
Griven ‘F(x) £ X ( otherwise we have a  Lired point ) the Plcture

above shows that 1 (x) intersect & at two dishinct fomﬁ‘s (extending

e ray o a lme), Tkare‘?ore, Lsing 2.6.7, we kaow 7Cxy iy

continuous ¥ Lexy  is continuous,
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. -\
Because Yex) =x i x ¢g" , So we can extend 7 to a centinupus

Magping  of R"  into ®R" \03 letting Y be the ;Aenhw-a Sor x| >y, Ths

extended map sarisLies

Lyexy\ =\

Forall x @ R"  because  fexy e S , so NZcxH| =\ before Hhe extrension,

Id - NFOO L 2 x>y for x e RN B c6), Aso, because VeX)=<

N4
Vxes ,  Yais extension is also ontinyous .

To \ead %o a contradiction  when there isn+ @ '@"xeA Point , we need

fo show +wat 7 can be approximated Lﬁ a c” map . To achieve that

we  prove the -Qo\\ow.‘v\ﬂ coro\\arcj of  Theorews 3.5.1\.

C°f°\\“"'3 3.6.5  let U ke an open sobset o8 R", C a comPGC'f sobset

ol W and 4’ U >R & continuous fuachon which is C7 on the ‘M?h&me’”

of C. Then For every €50, there exists a C7 fonction Fid- R

such thay C{J - \P has COMPQC\’ sorpoﬂ- and | 43 -Plece,
Prob". Le-\- C be a \om\; Fonction in C? \y where Co refers +o Vam's‘(

at inbinity | oand equal +o L on a neighbor hood i

of ¢, By Theorens 35« W\, EI-P; QC:(LU fhat /
78

PP~ W\ <. :
Let I\Y = (\"(J) ¢ + .‘v«; C°W\?0ff" CMPOC’f
ey
¢- ¥ - ¢-¢>+P?5~"'°=(’¢“P'o. Q

LS
ler Q= (9,,..,9,), whee 9,:R" >R according o Corollary 3-5. 15 wirt

ra

Qack coorc\mqi'p_ o.(l maP Y wi'\'\/\ ‘a’. , -H'\e.r\ we. l\ave

\\“—f“w<£ <\ | LS clnoos:nc& e<,
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53 Coro\\ar% 3.6.\5 3; - ’1" has Coquc* Support | Since ‘3, 7 R"— ®

tais implies 9, - ¥, =0 ootside of some compact set C;  Therefire
n
l\ ‘k - ( \\ » =0 out side o-Q sSome COM‘)QC"' set U C‘-

S |
=

n
There fore 4=7 o R'\ U ¢ ~ Since V(x) =X o4 R\ B, o

=

ﬂ(x) T X °on  some (om‘)QC* set R \(U C. UB (0\3

Now we need the %\\mmg lemma ,

3.6, ix. Llet U be an open connected sobset of R” and §:u—>u any

c” MAP . Prove that i £ s C"(UQ\ Yo the identityy on the complewen of 4

com?qck et C . Hhen {3 is  proper and d@& .ﬂl:

?N°¥, FVr Q'ﬂ so\:se.\ A cu , cin -g» s _.»" . “ R" A A, A
difheren

e ileatiby on UNC,  hen Ay e Avc., choices [of A
Since {- s coni'c'p\“o“,‘ +o show £ is proper ~.

-

svffice o show pre- imqae of bounded set is boonded ( The pre-.‘mdge ol

a closed se+

then {.\(A\ C AUC s also bovnded since C is Compact,

For e newt park, we consider a point g4 e UNfey so
=1
Ty = §43

and ideatity is orientation presecving - Sp Lﬁ the Jesree Formula D6
de(&% = L

Such &  § must exist since '}(CX

g

is  compact . 1§ £ceY=U, then
W is C\open s LWy W =—YR" , contradiction, 9
Now return 4o the proo\‘- of Brovwer ?-‘xe& P03ﬂ+ Hheorem i b3~ 3.6, 4% ;

q is proper and t\?ﬂ‘l-\ Se 9 nws+ be surjective Lﬁ Theoremr, 3.6.8
ine

WS ‘
Howeyor, 14-¢\l <& \-> WYY - \4-Y >t ~>‘Tm\ NN+ N Al -2 > O& im(f).

S0

Are

is closed comes Qrow\ f Be:ns continuous, ) B i A ‘Jo.mg\ed
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P«yplimﬁw\ 3.6. 16 (The Fondamenta theoremn o alaa‘or'A\. Les+

n=\
peey = 2"+ Ry, 2" 4 . 4 g2 44,

the complex plane

C:=te=x+iql=.qem]
wite R via +he map R*—= ¢ qiven ‘o:j (x,9 ) e 2 .= x+iy , we
can  Hhiale of P a3 ;clen"‘i-‘:a.‘no& a  mapping

p: R —

7 > P2y,

Theorem . The mapping P,R’ - R> i proper and A”& (pr=n,
Proo’?—. Fr £ € R, let

Lrom above - (%)

W
ol
|
s
M
S
]
)
S

\Y

be a polynomial of deqree n with  complex coe fRicients. [f we identifiy

-y .
P(z):=(-t) 2" v kpca) = 2 vt T a2
8 =0 '
Now we show Jhe wmapping
Ca P RY x m _,R"-
is & fproper \Aomo-\-or‘a. | e+
C = Sop \Q.‘\,
0 €7 SN~
then  for 12| 2 , we have
e ; "=y .
\?;Da;z \ ¢ 3 la; 12V = calz\™” (ot}
V= \"=‘°
It tlee and 2\ 2 2aCn e have
n =
[P (27 = 12"+ t 2 q. 27|
=0
Z l=z" -\t E‘ a; 2"\ Done VAR + (-BI\ & (ARG
t=vo
7 15 - Q\:i‘ a2\ frome 1£) ca
=p

121"~ a-Cnlz1" 3 2ac, (2" - acalz
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Se we can conclude +hat
1% (23l 2 1z2\"=aCa |2\

Z q Ca \2\""!

e

If A< € is compact, then L seme R>0 A is contained in |w|:

{zeClck,p 2N e FaadxAfctaceclaCleal <RY,
This  shows Jez,e) = B (2) is a proper l\omo+o‘;t.&, Thous ,  For
each t €R, the map gt € — € s proper and

deq (P ) = deq (p,) = deq (Py ) =deq (),

However. P, :

2 > 2" (see a.6.v, 3.6.vi)

3. 6. v, (£ we iden-\-l{-’-ﬂ C witle \Ql Via
C — R
X % “3"’ (*;‘3)

we can +nk of a € - linear mapping ot ¢
E ™ (2

Sl'\bl.\) ""\\? Ae‘\‘GJ’WH‘I\an Q-Q '“/\;S maPP "n% is ‘c‘i .
ProoQ. Take m: € —C Hhen wm (x-Q-.‘(,a Yy = C(X + i.j)

)

Z = Cz sey C=Q by , +hen
My w1 X ax-by Q —b\
= =S VA =
{ M M \t ‘6\ Qb LI

S det mo= g*4b> = ||,

C — € s an elemen-\arq computation withe degqree n

into  #Hselt & ma‘)P;m? ;

-?or a 'Puxeé c € & ( as @n ﬂl~\"new W\aﬂn‘nﬂ D'P ﬂli 'nto .‘+se\¢].




CHY

Differential  Form s GuiVeinsa 2 Haine

37

3.6.vi. (\) Let {‘-‘ C = C be +the mapping {’(%)’2“. Show D‘(‘(i)

is e linear map
Dizy = n2""

qgiven by muthiplication \°3 g 2w

Proot . DRcay iz e L2 FRY fa (z+h)' - 2"

ko h ) S
bz 4 Oty +2" - 2" ne)
o \fM, = 7 2
h-o h

(2} Conclude ‘Fﬂ’m 3.6. v Hat
det (Dfczr)=n"\2\*"
ook, Lot 2" = ax ki, DFcay = (AbI(xHY)

Rl "*.;\K" ~ {QX"‘D:\

DEc=y = M&—LM“ o S\ i dp
b Q

(3) Show that at every poia+ 2 e € \07( ) £ s orientation ?reserv.wa .

Pm’%' Gven det (Dfca)) = n¥yz\> . we have der(DV ) >0 |

here we assomed n>o,

“\cregwe, {; 'S erientation ‘Preseru.‘n%
\9'3 definition .

(4) Shew 4hat every point iy e €N30F s @ reqolar valve of £ ana

-\
(w) = \20,...,?;,“

preot.  Because every point w € € N{o has  det CDf (21 ) >0, 5o their

images are reqolar valves (a5 well as  points et in Hhe image ).

The on\td preimage of O is D so every f°‘"+ in € \§0‘Y s Q

“930\61? \)Ql‘)e , -&" (wy = * 2, S, 5 3"} -‘;“Ow; ‘C\'Ou‘_ roots O'Q UV\(‘":
and @

+1 ‘\:"“'MS '?TOM -! Vs orientation fFPServ-‘nca '?or P""“'ﬂ

@ N §oF

a -b 2 3 “-)
;>m=[ X det m = det (DY @)= a%+b™ = [n2"7),




40

ok A onto its

(5) Conclode Hhe degrec of { is o,

?rw%. Osing  Theorew, —2.6. 4

/

we l\quz c\eca (2") = zﬂ\ 3P' =wm
Rl | !

5T Sard's

Tkeorem

T\Aeorem. Let U be an open sobset of ‘R" and f-'b\"’\k“ a e”
Mmap . Then RN £0Ce) is dense in R

p-emar\l-. "' needs to  he proper i order “-\or R“ \ Q( CQ\ to be o\Den.

A s-\-ronser version

Theorem. Let f: U=V be a smooth map of wmanifelds, Then -(-(C

has measure zero n V.,

Rewmark . ® s poss.'b\e for {R"\Q’(C{;\ to be dense, ‘39.‘\' {:CCQ\ s

no+ wmeasore 2ero. o example, @ SR

not have measvre zero.

Mo+tivation
Recall we defined for £: U=V U, veR?
eritical points Cot= { P | dex(DEcpr) =0 “

critical  valves {(C% )
rcﬁo\ar valves V \ Q (CQ )

pego\ar \)a(ues are wuclk nicer Yo Su\era\ize, and Sard's Yheorew says

we have a [o+ of rego\m valves +, +ake . For exaumple

l‘e%o\ar VQ\Ueg
Sl‘l)( AI‘QQQD mor Pl\o\' Sw s

(inverse  Fonchion theoren Y-

Definition, Ler A be open ia R¥ . A Soaction Jy‘-l\—‘“l‘r~ iy @ c\“Q‘;“""‘“\"

in RY, §£:A-®w"
Theorem C\averse Foncrien Theorew ) Lex A be open in .‘:

he a Smooi-b\ Q\H\C'Hon. & .?,r x, A, DQ(;(‘) is o'w- rank h, ‘H\e.'\ ‘H\tl‘(’

exists an open ne.‘sl\\oo,.kood U o x, +hat § is & one-to-one mapping

of U onto its imaqe fCU) and the inverse ¥

-

is dense, but R \@ doc's

A S

e, DRcp) tont fol\ rank

imaqe B=FcA) & i is one-to-one, swooth, of foll rank k

is a Swmooth fonction bv\{'(u)
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* L b the QO\\owins coro\\ari o  Sard’'s heorem was vsed .
Coro\\ar‘_&- ‘\' ‘M\s a &30\&1’ VQ\“G.

Q . W\\% his is a difficor statement 7

A : There s an im balance Le'\'ween critical and regu\m valves .

I8 ANY of v preimaqe i3 critical | they v s a critical yalve

If NONE of v ()re.‘maﬂe is <Fitical, then v s aVGSU\Q' valve

e, N a sens@ . i+ is easy +o make a v el crivieal .

Eq. 3. T.iii. lex 9:R =R be a ™ fonction whick s supported jn the

interval (-3 .3 ) and Was a maximuw ot +he oriqia.  Ler (r);,, be

an enomeration o} the tational Mumbers, and led -{»: R —-R be the wa

9
%(‘( )y = Z I‘;? Cx -y e, & 'Piere—wise -FunC‘HOn_

show 4Wad % s a " map and show +he .‘mqae of C{; is dense
T T4 Peoy

B

(] { 2 3 4%

v

P"OOQ-- As 7 has a max ot 0, 0 e Cp | Since SU[)P?:('EL,“S),VL'GN,

{
xe(""z‘,k*-‘;) we have
- -k
fex) = r“P(x y .
Otherwise , ’\(x)::o. S £ s c” ard  the crivical poinds  are

x—‘-\l. Foo b € N, Hence,
faNY= Qory @ & £(Cqy,

Since @ are demse in R | &(Cg\ is dease a5 well, §ivea Peoy ¢
Remar k. Sard's Tl\eorem_ tells  +the Compbmeni— ol the criticq\ valves are

dense , butr we can construct an §  soch that  the critcal valves are

C, o

any (‘Ql\om‘(‘q\ Se’th‘ni , svelh as +he rq'h'onah.
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Proo{: 00-\»\6'\( of Sard's T\\eorem,

ck( CQ\
L < El\oos\\ To Sl\o\o . WL“ N\ \Q( CQ (\ A ) I is Ae’“sc V COMPQC‘\ A‘
E}“‘;:}fgt& ? QveciQ-%Cq\\v& . n-dim closed cvbes A,
Yreorem * This also (orr?sponés Yo 3.T.2, 3.T.3, ex. 3. 7. iv.
Baire C“‘\'Z%OFS +\\eorew\ C37.2)

wil\ s
R\ §CcgON)

is dense

\

Q. Mo+iva’fin3 exo\mV\e For induction set-up .

Arernative «ProoQ . qun Bla;r MATH éoo lecture notes

Step L I+ solfices +o prove R" N PCCeNA) is dense V compact

Cases Lfor rank (DQ(P))
Motivatien tor super - Critical Points of L.

C?*f' {peul DERy =0}, Cie.,

rank (DR epr) =0)
ef(CgOA)

3. Proof that R" \ \‘PC Ct 0 A 3] is dense for cdosed a-dim cube A,

4. ladockion step on fhe dimension n
Redveing dimension n and rank of DR Py,
3T 4, 3. T.iv
A b+ of e of BCT.

Basic feason . We can Covefl U with a countable co\\?cﬂon of closed
and  compact cobes A; . Se fccer= \?QCCQ— NA)
A

T e

S RINECC) = QRN RCCNA Y.
The

(%)

Adaim  will Hllow From the next two remarks .

Rmle 3.7.2 (BcT)., 1¢ (um\m>,| dre open Aev\se Subﬁe‘\'s s & “l",
the inter section Q‘um is Aense in IR',

Rmk 3.7.3 . 1% A is a compact set , 4he, R"NTCCNA)

is open |




e

&

|
|
[
[

‘ Di‘@e‘"‘e'\*\'a\ ,,AE':V!,\ % &m‘”em in 2 \'\Qu’nei

&3

Remark 3.T-2, 3.7.3 and ¢*) Yogether will frove Step L
s i§ we proved R'NFCCENAY i dense, then i+ s open
(Rmk 37.3). Thas, by BCT |, dneir  indersection N R\ XC(Qe NA;

is alsp dense . So we will prove Urd's  theorem |

proot  of  Rmk 37.2  We must show V,PG TR"‘ and V\es‘skloorhooc\

V ek £ VA (‘}\Vw\ 'S non-empry  We will -'+erq+\‘ue\j Constroct
a sequence of \uqalls B“ . = B(Xk , T sveh  4hat
Bk <V 0 ((\ um\ .
ms

w e q‘$° re ﬂo‘-'.e d‘-‘\e ka“s 3@\4 "nj $MQ”gr "~° QHOw an Qrs\)mei\‘}

aboot CMCL‘S Sequence . T < ”L‘ o We il alse  show +hose balls
contain  each other € and  thein radi: afe 3"—“"‘"3 smalles )
\n.‘+sq\\3 , 05 Uy and Voare open 5o VAU, s open . Alse, U; is

Aense , S0 we can -C\‘ncl Po.‘,‘+ X, and N\A:us N < such 'H'\Q'*

B(Xl,rl ) -CJV(\L'\l.

We can  continupus i constryetion . 1} we have B\:—\ 1 Y

Bk—\ (\ u\:
will aqain he non -empty and open ( The continuous choice o4 +he Lall
d h Th :
QP@"C\s on  the axiom ,,{1 Choice . ) en we ‘r\aue X | (‘k “ % 'H/u{

(@ r
B \‘rk)QB\“OU\‘_

s a C““Chi SeT vence Q]e -H\e \oql‘s ton+gins €a cl'\ O‘H\e{p

-

Then (Xa )

and  haye n—=0. So i converqes 4o some X € (\Bk Thus, x €\

k>

and

’ M £ K
'S not ew ;
Py . "

x €U X Vm. Thi poves the the intersection of V Q((\U...\
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prood of 3,73 Recall Hhat C-Q s closed ‘)3 definition | since i+ is the

preimaqe of a point  As £ s smoth ,  +he infersection -&(CQ NAY s
com?ac\- Since A is  compact . Se

R\ YCc 0AY
i« open, | =
Remark . 1% Uw @re not open, the, BCT is flse, TFor example Q@ N(Q t2),

Remark . 1o 36, § is proper and C%° . Ly +his section . § is jost Q%

Se R"\ FOC may not Le open, For example, by 3.4, if {:Uu—>V

s a Proper continuovs Mmappiaq and X is & cosed sobset of (U, thea fex)
is closed. T L is net proper. then ¢ Cyp ) mayq not be closed , for

Q‘O\MP\(’, the exercise with @ < J‘:CC_‘;\ . If we restrict P aMains a

wigue max valve , svch as  the bomp  Lunction and set Pco) = 1

then T( CQ V= ® s case, RN & s +he rationdls and are not open,
?&P_l- Cri’ricq\ ?oin-\-s are p e U svc,l,\ -H\q-{- DQ ( ?) is not ‘Fu“ Tan k .
Our proot  will handle critical Point s differently c\e\)enémcl on the rank

To Prouide Som e n‘n'\-u\"h‘on‘ (°n$iAer -H/\e -?o\\ow:nﬂ exqm‘;(g .c,,. ‘?:R‘_é‘k(

g
¢
—
(0) P:‘nchma clot,
at a Point
E P
R* = table doti G) \(-Ph‘nﬂ
Q\O'\S Qa sﬁ'ina

(0) 5‘!\0&05 W‘I\en rank (D’\vt?)) = 0 ,an  intuition  (omes ‘?'“OM "\W""S i

a hcijk\oorkooel of the pPeak (o) | +he projected Position remains

the same reqardless the direchon .

(1) shows rank (DEepy) = 1, refers Yo mouing in the up/down direction
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dl\om%es Yhe ?ﬂﬂed—ed position , but wnor +he other directon,

Say we want 4o how  tor @ neis‘l\\oorkooé V o8 p ey, we want to

show there s reso\ar valve in V.

We can achm\\(s look Lor re O‘Qr
= 1% valve within e  crogs - section, Thea
= +able oMy

fake l Cross ~sectioy ‘“\Q A&\nel\su‘ov\ %bes ‘FTom 2 - 1 s anyd
| V the rank of PL(q qoes 2 L
-‘:’-‘—-;——:‘}\—’- ’—LR ; ‘.‘V

The idea for ape nex+ steps is 4o
ﬂl’s*ﬁ‘ﬂﬂ how it rank (DEp) #0, we can

redvce the dimenSion onkl "t is .

Defa. The soper-critical points of £ is the set

+*

CQ:= {PGU\DQ(P):DE &> tank (DY ¢pr) =0,
The femainder of he Prook wil consist of the next two steps,

Step 3. We will show ®R"\ £ Cz(\A) s dense .

Step 4. We will chow how Yo reduce the rest of U so +hat we can lindoct,

The idea of Yhe rest o.@ e Pro,,% O 'Y Aeq\ wirly so?&r - critical pom-\'s)
vsing a volome arqument. Then wil redy cing other critica points to
super - criv cal Poinds \03 +ak 9y Cross - sechions . Step 4  wil  dea\ witlh

al other Fedions of W.  New lets  start with Step 3

S\-QEB. Censider A € R™ 4 dosed cobe with side \en3+|,\ (. Thea w\A=("

We wil\ show +he Lollow lewma .

Le"‘"\“- Veso, ‘(‘(C:(\A\ can be covered \’3 a finite nomber ot cobes
with  Yoral volome . ¢

4
Once +hwis s proved , i+ will not be hard 4o show R"N\ “:(CQ NAY is den
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f Bogiians sketcly of the proot Say A is  partitioned
T into cobes (intervals for \D) A, such Hat
HM/\_X,I For x,qy eA; (R'exy - fcyyc gy Hor intervaly
;mcq\ ?m'“ —* Ai h contain  crivical  Valoers). Then P AN C:#-o'
then we “now Wexr(< § uxea, and V°‘(Q‘A-‘J_)LS
Idea. Given e first derivative o} she 50"""’-0n‘+~‘m\' points, he:nﬁvie(:i .
the derivative of al points ia the interval s boonded . The ke idea is.
Bond on §' 2Dy Boond on range(‘:)
Ai is chosen such  Hhat .4 €A, [Foa-Feycg, Ths o possible
How do w
know s0c| VECOUSE LeC™ so §is ™ and Lipschita. Say §' is Lipschits
interval A svch dhat [ §'ex) ~flegr| € MAx-4l | Then we can choose A; s+
e \A;\:%_ Se *he size of +he interval wil| Ae‘nnc\ on o, bot
will  pot et oo smal|
1D case,

Fu\\ jENO'Q' We want ‘o s‘\ow Yor Ay ¢ >0, we can cover +the imqae ol the

Lev x* = ar g mox foxy 4 = arqmin £4d . Se fCA) iy cover

by an interval of legHe  fox¥y - fuy¥,

W
o-

BS MVT -}(x')-'g(‘j*)-"‘f'(c)(x*—%")‘ ce A

« $\x"-y")

; * the

We O“\‘\'S need to cons/des A svclh  +hat A; (\C% #45. So &
Qrihs 4 en soch  that {'Ug) =0, 5, VxeAi \$'cxy-ol <8,
Ac a resolt, vol ( £(A)

R ‘?or Ai con+a:n;n3 soPe_r-Cn'Hca\ POM,
vol (A;)

wper-cnhca\ foin\s w:‘\-k Q:n;-\-e nuw\ber 0"; cObes witly 'h'\n\ VOIIM.\ <g |

We are Ao:n3 Mis witle closed whe A witlk side \engfk L.




cX\A DS'QQE rean\ Forf}, | o G\M“Qf\-’n R  Haine

4

3
prook. We choose §20 | spch  that "< 'e“,,';',,' (reason wil| show op later)

There exists stme N soch that A can be dwided iate N subcobes

of  such lengtk .f\,) awd

Jor any x4 in e same  sobeube

ok a%;
—axj (x) = ""‘",)(‘3)\<3 Vg

This s ?0&5%5\& as '%%‘ s L.’Pc‘\i'\-z.
)

Label the sobcobes which intersect C: as A, AL, . Am, m £ N"

We want +o show {(Ak) can  be Covered b13 a small cobe

Ie\ea: Since Ak intersects C:' 33€Ak‘ sk, 3_%".(,3)=0 V..'j
K- ’
)

2> ¥ x €A, \%%_.(x)\<8
Gimilar Yo the \D case . we will vse *he loond on Hhe derivative +o
correspond  with  +he range of (A, )
For ang X, 4 €Ay 3¢ on +he seqment from x o 4 svch that
by MUT . o - Bt = vRicers Cony
where £, @ R" = R denotes the ith coordinate of f .

HQ-A('Q, \Q;(x)— Q;('j)\: \VQ;(C)- (""‘j\\ QQCL\ X,"‘ COM‘QH\QA i"
A sobcobe of 3ide\engH

' 1 a8,
ka Jn-ianﬁ\e MerOld‘i: £ E' \ ?;’—(CS\'\Kl—‘Ji\ <n 9 N )

-

W
£ 8 ‘Qrom aboue

(n ?Qr'rtcu\ar' 'For eqelq coordnate 1‘,

max f.-(x) ~ Mig f;(*j) < '\SK)'
xeh, jGAk

{
Thas .G(Ak\ can be contajined in a cbe of side "-"S'H‘ Ne N, se

2l

volomn  (n & ( 1% Sa sqgreqitis] this. goress G W& N sobcobes

N
n st

we (an Cover ‘f(CQ(\P\\ with  Yoral  volome m-(——w—')nsnn %né




_LHB

D Llerential Forms B Guillemin R Haine 48

Now we will use +his to show why the complement
R\ FCCTaA)
is dense. |n other words, oo any  poiat PeR” and neiahborhox{ W of

P, thea N\Q(C:(\A\ is non-empty  This i because.

WA RN g nay) =w\ k(i nA)

et /1
: L ) W gRcaa)
i LLE R BRI
WA RN\ S;(CG AA)

Soppose  for e sake of contradicton that there is soch a  neigh borhood

e—

W soch thad W\ §¢ C?(\{—\):d). Thea consider <be B <W, se

Bew skCcynn)

X
Since L\)\-‘;(C?(\A\:cﬁ.
Ler €= vol (B )y, oor \emma +ells +hat 'F (C: VA w@n be Covered "3

d

(24

a Finire fomber of cobes ol ol volome < ¢ . (W is an open ﬂel‘j“’“’“
ok P, 3o there exists a cube B cW wih none zero uo\ome, )

The idea s even we choose W qul"& small , we can cover 'F(Cz NA)

with  an even  smaller volowe . S¢ 4w contradiction "”"%S W\%(C:(\A\*Q
T\\ere%re, we have ()rwec\ R \Q(Cé‘ NAY s dense . o

5*‘2\) 4. o c\od-io.\ on dimension )

‘ Y]
Sard's -“\Qorew\, Let U be an open svbset of [k® and f’=u—>(k\bq o

maP. Tken fR“ \ “:( CQ \ is Je,\sg_ in R“.
Baire cateqory theoremq will be appfu‘ecl here . We want + shows R"N\ (C{‘ nAd
v dense, We write A= W, Uw, U - _ Then by De Morqan's law,

R" N §(Cena)y

"

RN §£(CaanN (i)} = R*\E(U (Ce AN w)
RN (Q £ecpna Nw;)) =

1

O ("N gcgaane)
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By  Baire cateqory theorem i€ we show R" N\ ¢ Ce M ANwW ) is dens

thea RN F(CNAY s dense,

Goal of Step & . We will show how 4o construct a new fonction .

uW - R

g new new n-\

'G"OM Q, which  will Q“Dw vy Yo h\éoc\', The -\:o\\ow.‘ntl ?ro?os.‘ﬁov\ wil alew
ws Yo COMPOSE { \02‘\'\& A;‘Q‘Qeomor?l\u'sms.

Remark 3.0 & Lc-\- S : W = U be Q d.“mmmorpl«(sm, and

he= £eoq, k:w—p",
Then +he set of critical valves of £ s the same as .
feegy=h (Cpy,
So if we slip in a diffeomorphisue into §, Hhat won't change the reqolar
vaves and the critical valves. So  Sard's theorew For R i equivalent

to Sard's theorem for  §

E‘a. Consider q4(x) = ax and Some 'F(") looks \:ke:

£(cp) ’mm hece '/‘\"“XW feq(x) = faax)
>

>

~>

' P“”’P of  Remark 3. 7.4, Bﬂ the chain rule ,

Dhepy = DF(‘}C?»)DScP)
5 det (Dh(pr) = gor (8 (3¢p2)) dex (Dq cpy) .
Since 9 is A diffeo morplism, det (Dq(pr) #0,
Heace, for p e W, det(Dhep1) so & det (DFCqepn) =0

This caqs, 4 f is a critical point of h, ;e, Pe Cy , +hen

SC'P) s a4 critical 1)0»"\1 of ,p’ i.e., ‘jCP)GC(‘- and vice versa,
Se 4CCRY= C¢ > h(Ch )= 429 (o) = §(Cp). o
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?rod? okt Step 4

Now we com?\e*e e proot  that (R“\{Z(CQ (A ) is den

We will wse induckion on dimension,

"
Base case. n=t, (g =Cp  proved in Step 3,

ﬂﬂpofkesfs ( Sard's *heorem ).

For anj c” "\“P {-=u~> R", U is an open
su\’se‘\' o¥ \R" , we ha.,e Rn \ '?(CQ ) is dense A \Rl‘\‘
More  specifically Step 3

Dact

s\\ow5 Q" . Q(C: (\A\ s dense 'Rr Qa (o.r\‘

and $+el> L shows ?””"“3 R"\ {:(C.Q(\A\ is dense
o show R"\Q(CQ\ i

involues  RC T

ey A

suffice

dense, Thie Jeneralize 4y C: since the Proo-lr

( Remark 3.7.2) and R" N\ $(Cona) beinq open C Remprk

3.7.3) and  both aFPlﬂ +  tie Ce case . S, Pl‘ov-'n% R \'C(CQ aAY s
dense Sotfice Hor e C{ case

qlso'

‘nc!och‘qt c+e‘>: We Forst Prov-‘de a -Few definitions

followeq Lﬂ an out line |

* Let U;)S be 4he open sohset of U where LAd

mo—

3%
1:U“‘_,(R" *-‘-(Q.)“-.Qn)
Xy, Xn) ™ (‘%\ CED , Ky ; o 5 ¥n) "'(’”:(‘F\“).-v,"‘?n“)\

h: W, — " =3 Vi), where A < UV

h= %90 hoos (hoo, o) ko),
TR - ™!

X oy ¥ Y 2 LXy g ouy %y ')

Outline , 1. We argue  that we can focos on U“‘ S U

=3

2. WQ construct l'L with ‘\(Ch)z":(cg), L\‘(X)~X

3. Te prove (R“\l\(Ch) is dease | (onsider PGTR“ and Mijh‘"‘\“dw
Say P = (¢, T(pr) , we want +o shoy W intersects TR"\lq(Ch\,
Pefineg W= 3TOO % = ¢, xeWF & R™, hei= Whe, ) bW ™
We will show ¢ €hE (‘6hn§—>(c %)ek(é

4. la duction :

\U (\(‘R“'\ ‘\c(Ch )\non QMP‘?ﬂ 5 WA (R \“(Ck)) ,\ew\()-l'ﬂ
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no entty is non-2€ro - G‘Hi“emm £ Haie &l
7 e
Note 4hat U= C:U( U U;,;\ , QYPQQ\“\% to Do Morqans law.
(45)€0

R\ Q(Cg(\A\

M

G\oa\ is o S‘ADN

Ssome e.w\'rﬂ is MAON~2ero

R\ fCCenanu)y

n

R\ {:(VCQ(\P\ n (C:U U U.-,-,)

(%0 50
fhis ser iy dense = R\ {:((CM)U('CQ(\A(\ 0 \1‘”\»
Cq 0A e
- o
R\ £ (et lg (‘kﬁ)w&“(c%(\/\(\u.-,))\)

De Morgan's |acg De Morgun  De Morgas
=(m"\¥(C§AA\\Q(R“\f(Q.(CQGAGUHW)

e Morgan's \auw b

Se we can focos on

= " #

il W Sonana,g
S———— T ——
We have proved this We need to show this set
Set is dense g, Step 3 dense | then Lj BCT, LHB i3 deas

f: U, = R". WloG, we take i=j=I. o

%, (pr+p Veeld

%
Dia For :
Srqw\ X, * 0,
KCES) Foamy = ox, piecewing in )
i‘ (£ we want 4o show @
€x,,Cq) lt‘jbbm‘\ood W of ¢ infersects

So we “'ﬂ“t A sectiopn

R"\ Q(C;, ), we redoce [to @

Sechon in +he 4- direcH

fon |
WHO X =C Men i WOCRN\SeCe) , wl|
X=
s+ill have @& "@30\04‘ \m\ue. i
TTTTYFP & \la\uc_ N ‘“l\l‘i Sll'CC.
Ce




ENS

We consider +his ‘% \oeoquse

L\:: 'F‘%-‘

By the inverse fLonction Heorem q is locq“vj a J.“Q@comorpl\:sm at  pont PEU

S0 A can be covered E‘A a finire  nomber of open sets V. ., Vm

S0 Hiat 9 is @ J:Q(leomw\)l,\.-sm on eacl V, and W.:= QCV. ) is open.

Because A <V, U .- Uv.,

we l\ﬁve

W\"\RCQ(\A\ = (VRN R0, aa aw)
So QSQN\ \;3 BCT, sv&\‘c‘,ce Lo 5'/\0\0 R“\‘\:(CQ(\A (‘\u.) ig éense,

Now we ‘Mlve

Pye 48

‘-\ is @ limeomorrl‘;;.w on 9qck V.' =7 W.‘ C“Rn ’
1
he= §eoq"

and

-\

is & diffeomorplism on cacl, W —» V. now de fine

W; “"Rn'

pre\)toos\g& , we ‘\QUQ Sl\oweA "-\( C{; \ = L\ CC.Q \. So we (an ‘\ZOCOs on

we will qet the kL we desire

Di'?‘gerenh'q\ Formsii, I G‘:“_ermn X HC\MQ 53
So s\'\?eo\ *( X, , x,) = (Q\ (X, , Ki) i %1 X, ; Ky \\ . Our aoq( will 'HW‘S
be to obtain L\(’h,";\: (%y, 52 Cx ) x.y) in 2). la 9eneuadl,
k(x:....,xn)z('&., Q;(*,x,,._.,x")'_” 5{-.\(\‘,:(.,_4.,,“,).
The gqeal is o cor off F, oand replace  with %,  some how . Recal| we defiped
1T u,, — r"
sy w (Rexy | x, o X, )
”
= | 2%, _ 3%,
De\ = vy © o 1 D ey (D%\— ax, 0
o { ©
% Since % 5 u\,, = R“ ‘
L o o ‘

b,

= ) o~y
iy RARCG ) e RN
Q. What is k(‘l.,...,x“)?
A- 503 K, = .Pl (xo, x‘ B iy x.‘ ) X WQ "AOW | SUCL\ X, be cayse L\:W; _’Rﬂ
So

(Xey, X0 ) € W, , so X, = '},(Xo,x‘,__"xn) by definition oF
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Then ¥°%-‘("‘)""’("\

1K)
-4
~
kS
°
>
[

...,Xn\)..-, 'P,‘(xe, XJ,...,KNY)

"

(x\ ) ¥3(x°) xlb ooy KH\;”'.‘?“(XOJX"

S, k.:_{j,c&" fixes the first coordinate , As desired .

Mow we show (R.\ l\CCk) s Je.nse wi‘H,\ MJUC:H.\IG k‘(poﬂ\es:‘s ":or n=-\

We considen any point  pe R" and e wish 4o shew that R\ CC,

intersects a nefsb\horkooé W arovnd T. Recall that we defined
1: R" — "

L& T N

ey X )

Wrive p= (¢, Thy) where ¢ € R, Then lea

Wc.' :%t(x)\’(.:c' xQW} S‘Rn-‘

/Tw N
k . N —— Rl\"( ‘ ? )
3 < N P
% (= ‘L(\\(c,x\) : W

Xy =¢

33 indvctive ‘N-WD‘\"Aes-‘s for dimt n-t, we kaow R"-'\\\c(Ck‘\ "é dedse,

‘.Aec\. '“\g ideq, s +o SL\ow hat ‘For %GR"_\ soch  Hat

e (RYINR G ) AW,

W can e expanded +» (C.{ ) and (C. 4 € (R"\\A(Ck\)(\w.
To prove this, we first show

ded (Dh_ (%, .. x.)
c 1) » Rp l(xa)“. x“)) :AQ*(D‘\(*O)---)*“)\(c’x‘)..',\.‘)\

Q\lq\uané at (Xa, -y Xa)

¢
This  shows  det (DL (x, s ey X)) = det (M\C (x/, g Mg N} VIR “P'me

QKPQ" sion | Tl\i's Q'SO SLQWS *V\a"’ ’% (xx PIERTIN x'\ ) e Ck (C

weyl M ¥)

D\\(X') x‘_ ¥ inn X.‘): { al\‘ —ah'—- &' ak. 1 — l o o o
' 3IX, I%, 3%, - Lh‘.
shy b, oh, o Dh‘uﬂ
3:" 9:7&1 . 3:)&.\ %
Dk ") )-h ) 1] »
T fay e ih :ah:' ;xn‘ . ;’:‘ } Since Lh (x{)= X

s Bigoons 5 gy 16 Ck.’

)
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A\')O i l‘g (C ’ XI-

J

e C S
%5, .“,X")Eck, (K‘, ,K,\)C hc'

°

Xech <.:§ XGC;‘
(

0 0
Gc(nehc(c.\] hee,x) e heC, )
)
Chheeryelcg, )
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